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D Abstract 

We perforin a general study of the issue of metastability for supersymmetry- 
^ ■ breaking vacua in theories with A^ = 1 and N = 2 global supersymmetry. 

cn , This problem turns out to capture all the important qualitative features of the 

ly-v I corresponding question in theories with local supersymmetry, where gravita- 

CN I tional effects induce only quantitative modifications. Moreover, it allows to 

^■T^ ' directly compare the conditions arising in the A^ = 1 and N = 2 cases, since 

^— s ' the latter becomes particular case of the former in the rigid limit. Our strat- 

egy consists in a systematic investigation of the danger of instability coming 
from the sGoldstini scalars, whose masses are entirely due to supersymmetry 
^ , breaking mass-splitting effects. We start by reviewing the metastability condi- 

H ' tions arising in general A^ = 1 non-linear sigma-models with chiral and vector 

multiplets. We then turn to the case of general N = 2 non-linear sigma-models 
with hyper and vector multiplets. We first reproduce and clarify the known 
no-go theorems applying to theories with only Abelian vector multiplets and 
only hyper multiplets, and then derive new results applying to more general 
cases. To make the comparison with A^ = 1 models as clear as possible, we 
rely on a formulation of A^ = 2 models where one of the super symmetries is 
manifestly realized in terms of ordinary superfields, whereas the other is re- 
alized through non-trivial transformations. We give a self-contained account 
of such a construction of A^ = 2 theories in A^ = 1 superspace, generalizing 
previous work on various aspects to reach a general and coordinate-covariant 
construction. We also present a direct computation of the supertrace of the 
mass matrix. 



1 Introduction 

One of the main issues in supersymmetric theories aiming at describing real fundamental 
interactions is how supersymmetry is spontaneously broken. Indeed, this breaking induces 
mass splittings between ordinary particles and their superpartners, and the details of 
this process are thus of crucial importance. It turns out that the structure of theses 
splittings is strongly constrained, and this causes some difficulties in phenomenological 
applications. The perhaps most spectacular incarnation of this phenomenon is provided 
by the supertrace sum rule, which concerns the average of all the mass splittings. This 
implies for instance that renormalizable and anomaly-free supersymmetric extensions of 
the standard model cannot directly accommodate a viable way of spontaneously breaking 
supersymmetry. The standard way out to this problem is to assume that supersymmetry 
is broken in a hidden sector, which communicates with the visible sector only in a way 
that is suppressed by some mass scale. Spontaneous supersymmetry breaking can then 
be designed in a much more flexible way within the hidden sector, while supersymmetry 
breaking effects communicated to the visible sector are encoded in soft supersymmetry 
breaking terms. The only strong constraints on supersymmetry breaking that one is 
left with are then the metastability of the vacuum and the value of the cosmological 
constant. There are then more phenomenological constraints concerning the mediation of 
supersymmetry breaking to the visible sector and the structure of the soft terms. 

The problem of understanding under which conditions vacua that break spontaneously 
supersymmetry may by at least metastable clearly emerges as one of the most relevant 
possible discrimination tools on the structure of the hidden sector. While the stability 
of super symmetry-preserving vacua is guaranteed, that of supersymmetry-breaking ones 
is not, and whether they can be metastable or even absolutely stable depends on cer- 
tain particular aspects of the theory. By now it has been well appreciated that requiring 
only metastability, rather than absolute stability, is perfectly satisfactory, as long as the 
life-time of the vacuum is sufficiently large, say larger than the age of the universe. More- 
over, a supersymmetric theory generically admits both stable supersymmetry-preserving 
vacua and metastable supersymmetry-breaking vacua, but generically no absolutely sta- 
ble supersymmetry-breaking vacua, unless some extra features are imposed, like for in- 
stance the existence of a global i?-symmetry [1]. This clearly means that metastability 
of supersymmetry-breaking vacua is the relevant minimal requirement to impose, rather 
than absolute stability. More specifically, the requirement of metastability translates into 
the requirement that the mass matrix of the scalar field fluctuations, given by the Hessian 
matrix of the scalar potential at the stationary point defining the vacuum, should be pos- 
itive definite. This obviously constrains the theory, but at first sight in a rather indirect 
and mild way. It turns however out that one can deduce from this requirement a quite 
simple and sharp necessary condition. 

The main observation that allows to translate the condition of metastability into an 
interesting information is the following. To a large extent, one can adjust the overall 
masses of the particles belonging to each multiplet independently of the splittings induced 
by the process of spontaneous supersymmetry breaking, by tuning those parameters of the 
theory that are unrelated to the latter process. This allows to make the square mass of 
most of the scalar fields arbitrarily large and positive. There is however one exception to 



this fact, represented by the Goldstino would-be multiplet. Indeed, for that multiplet there 
is an obstruction against changing the overah mass, due to Goldstone's theorem apphed 
to the spontaneous breaking of supersymmetry. In rigid supersymmetry, this imphes that 
the Goldstino is strictly massless, and the masses of its scalar partners, the sGoldstini, 
are thus entirely controlled by the mass-splitting effects due to supersymmetry breaking. 
In local supersymmetry, the Goldstino is absorbed by the gravitino through a super-Higgs 
mechanism, but it remains true that the masses of the sGoldstini are determined by the 
process of supersymmetry breaking. This means that the only scalar fields for which there 
may be a potential obstruction against achieving a positive square mass are the sGoldstini. 
If there are several supersymmetries, there are just several Goldstini and thus also a larger 
number of sGoldstini to look at. 

The above strategy was first developed and applied to A^ = 1 supergravity theories 
with only chiral multiplets in [2, 3].^ The main outcome is that the average mass of the two 
real sGoldstini is controlled by the holomorphic sectional curvature of the Kahler manifold 
spanned by the scalar fields along the complex Goldstino direction. To achieve metastabil- 
ity, one then needs first of all that the scalar geometry admits directions along which the 
curvature is sufficiently small, and then that the Goldstino direction be sufficiently aligned 
towards those preferred directions. On the other hand, the adjustment of the value of the 
cosmological constant constrains the length of the Goldstino direction. Subsequently, this 
analysis was extended in [5] to more general A'^ = 1 theories involving both chiral and 
vector multiplets. The main conclusion is that gaugings by vector multiplets improve 
the situation occurring for just chiral multiplets, and make the bounds on the curvature 
milder. These metastability conditions have then been further elaborated and applied in 
[6, 7] for particular classes of iV = 1 supergravity theories emerging as low-energy effective 
theories of string models, like for instance no-scale models. It has however become clear 
that in the context of string models, an analysis based on minimal A^ = 1 supersymme- 
try may fail to capture all of the potentially relevant information, due to the fact that 
the structure of the low-energy effective supergravity theories underlying these models 
is strongly constrained by its higher-dimensional origin. More specifically, although for 
interesting models one gets a theory with minimal supersymmetry in four dimensions, the 
moduli sector emerging through the compactification of the extra space-time dimensions, 
which is the most natural candidate to represent the hidden sector, actually displays many 
of the features of theories with extended supersymmetry in four dimensions. As a first 
step towards gaining an understanding of the impact on the metastability condition of 
such additional peculiarities in A'^ = 1 theories, one may then try to study the question 
of metastability in A^ = 2 theories. The case of A^ = 2 supergravity theories with only 
hyper multiplets was studied in [8]. The result of this analysis is that out of the four 
sGoldstini arising in this case, one is absorbed by the graviphoton and is thus not dan- 
gerous, whereas the other three have an average square mass which is negative when the 
cosmological constant is positive, meaning that it is impossible to achieve metastability. 
A similar no-go theorem has been known for a long time to arise also in N = 2 theories in- 
volving only Abelian vector multiplets [9]. On the other hand, it has been shown through 
the construction of particular examples that more general N = 2 theories involving non- 



^See also [4] for an analysis of similar spirit applied to the ideas of distribution and landscape of vacua. 



Abelian vector multiplets and/or both hyper and vector multiplets can admit metastable 
supersymmetry-breaking vacua with positive cosmological constant [10, 11]. A natural 
step to take is then to try to understand the metastabihty condition applying for general 
N = 2 theories, with the aim of figuring out which are the truly necessary ingredients to 
go in business. Such an analysis is however quite challenging from a technical point of 
view [12]. 

The aim of this work is to study the question of metastabihty in theories with N = 1 
and N = 2 global supersymmetry. This rigid limit of the problem turns out to capture all 
the qualitatively important aspects of the corresponding problem in local supersymmetry, 
gravitational effects being responsible only for a quantitative deformation of the results. 
Moreover, besides yielding a much simpler and more transparent setting, the rigid limit 
also offers the very interesting possibility of directly comparing the results for N = 2 
theories to those of iV = 1 theories. This is due to the fact that in global supersymmetry 
N = 2 theories with hyper and vector multiplets are just particular cases of A^ = 1 theories 
with chiral and vector multiplets, whereas on the contrary in local supersymmetry this is 
not the case, due to the effects of the spin-3/2 multiplet describing the degrees of freedom 
needed to complete the A^ = 1 gravitational multiplet to the A = 2 one. To perform 
this study and make the comparison between A = 2 and A = 1 theories as transparent 
as possible, we shall use a formulation of A = 2 theories based on A = 1 superspace, 
where one of the supersymmetries is manifestly realized in terms of ordinary superfields, 
whereas the other is realized by a non-trivial transformation mixing different superfields. 
We will follow the approach of [13], and generalize it in such a way to reach a general and 
coordinate-covariant construction, which in components reproduces the rigid limit of the 
general A = 2 supergravity theory as formulated in [14, 15]. We will then use the same 
strategy as in previous supergravity studies and work out the metastabihty conditions 
by systematically computing the masses of all the scalar sGoldstini. We will also revisit 
the computation of the supertrace sum rule, since it represents a related information, 
and rederive in a more direct way the results that were indirectly deduced in [16] from 
a superspace evaluation of the quadratic divergence in the one-loop effective action. We 
shall use the conventions of [17]. 

The paper is organized as follows. In section 2 we present the simplest case of A = 1 
theories with only chiral multiplets and discuss the rigid version of the results of [2, 
3]. In section 3 we present the case of A = 1 theories with both chiral and vector 
multiplets, and describe the rigid version of the result of [5], generalized to non- Abelian 
gauge groups. In section 4 we consider the case of A = 2 theories with only hyper 
multiplets, formulated as particular cases of A = 1 theories with only chiral multiplets. 
We derive the analogue of the result of [8] in the rigid limit and clarify how its emerges 
when gravity is decoupled and which information is associated respectively to the minimal 
and to the additional supersymmetries. In section 5 we consider the case of A^ = 2 theories 
with only vector multiplets, formulated as particular cases of A^ = 1 theories with chiral 
and vector multiplets. After recovering the rigid limit of the result of [9] in the Abelian 
case, we study the non-Abelian case and derive a new result applying to this situation, 
discussing again carefully which information comes from the minimal supersymmetry and 
which from the additional one. In section 6, we finally consider the case of general A = 2 



theories with both hyper and vector multiplets. We set up the logic of the study of the 
metastabihty condition, and discuss the form that it is expected to take. Finally, in section 
7 we present our conclusions. 

2 N=l models with chiral multiplets 

Let us start by considering the simplest case of A^ = 1 theories with hq chiral multiplets 
<I>*. The most general two-derivative Lagrangian is specified in terms of a real Kahler 
potential K and a holomorphic superpotential W , and reads: 



C= (fe K{<5, $) + / d'e W{<!>) + h.c. . (2.1) 

In components, this gives 

c = -g,jd^^'d^^^~ - iffij V*(#^" + r^^ <^4>^r) -Vs-Vp, (2.2) 

where gij = Kij defines a Kahler geometry for the scalar manifold [18] and^ 

Vs = g''W,Wj, (2.3) 

„;.7 I 1, „ -'^ i^ _ _ 



Vf = lv,Wj VV^' + h.c. - ii?,,,,-VV'Vi^"V^' , (2.4) 



The supersymmetry transformation laws are defined by the action of the supercharges 
on the superfields and act as follows in components: 

6^' = V2ei;\ (2.5) 

5'^' = V2eF' + V2i0e. (2.6) 

The auxiliary fields -F* are given by 

r = -g^JWj+^-T],i;^i^K (2.7) 

The extension to supergravity is well known [19, 20] and does not present particularly 
subtle features. In particular, any model of the above type can be consistently coupled 
to gravity. The main new feature is that there appears a non-trivial U{1) bundle over 
the scalar manifold, whose curvature is proportional to Mp , and the manifold becomes 
Kahler-Hodge. 

2.1 Supertrace 

At a generic point in the scalar field space and for vanishing fermions, the auxiliary fields 
simplify to 

pi ^ _-jyi ^ (2.8) 



^Our conventions for the curvature are such that the non- vanishing components of the Riemann tensor 
are given by Rij^i — Kij,.i — g"^ KiksKfir and those of the Ricci tensor by Rij = —g'^^RijuT- 



The mass matrix of the scalar fields is given by the following two blocks: 

{ml\j = V^WuVjW^ - R^jklF'F', (2-9) 

(mDij = -ViVjWk F'' + TfjVsk ■ (2.10) 

The mass matrix of the fermions is instead 

{mi/2h = V^Wj . (2.11) 

One easily computes 

tr[mg] = 2 ViWjV'W^ + 2 RijF'F^ , (2.12) 

tilmj/^] = ViWjV'W^ . (2.13) 

It follows that the supertrace of the mass matrix is given by [16] 

str[r7T. ] = tr[?TT,o] — 2tv[m^,2] 

= 2RijF'F^. (2.14) 

2.2 Metastability 

The possible vacua of the theory correspond to points in the scalar manifold that satisfy 
the stationarity condition Vsi = 0, which reads: 

ViWjF^ = 0. (2.15) 

On the vacuum 5ip^ = V^eF^, and supersymmetry is spontaneously broken if some of 
the auxiliary fields F* are non- vanishing. The order parameter is the norm of the vector of 
auxiliary fields, which defines the scalar potential energy Vs = F^Fi. In such a situation, 
there is then a massless Goldstino fermion given by: 

ri = V2Fitp\ (2.16) 

Indeed, the stationarity condition directly implies that this is a flat direction of the fermion 
mass matrix: 

m^ = 0. (2.17) 

The two would-be super symmetric scalar partners of this fermionic mode, the sGoldstini, 
generically have non-zero masses, but these are controlled by the process of supersymmetry 
breaking, and cannot be affected by super symmetric mass terms in the superpotential. 
These modes are then particularly dangerous for the metastability of the vacuum. From 
the form of the supersymmetry transformations, we see that they can be parametrized 
by the two independent real linear combinations that one can form with the complex 
Goldstino vector r/* = \/2F*, namely: 

ip+ = Ficp' + Fj^\ ^. = mcj)' - iF,4>\ (2.18) 

The masses of these two scalar modes can now be computed by evaluating the scalar mass 
matrix along the directions ip_^ = (F*,F*) and ip_ = {iF^,—iF^), and dividing by the 



length of these vectors, which is 2F^Fi. After using the stationarity condition to simphfy 
the resuhs, one obtains: 

ml^=RrFi±A. (2.19) 

The first term involving the quantity R comes from the contribution of the Hermitian block 
(mQ)ij of the mass matrix, and it turns out that R is simply the holomorphic sectional 
curvature of the scalar manifold in the complex plane defined by the Goldstino direction 
F^ of super symmetry breaking: 

""- {F^F,r ■ ^'-'"^ 

The second term A corresponds instead to the contribution from the complex block (mg)jj, 
and has a more complicated expression, which depends also on second and third derivatives 
of the superpotential and is thus much more model-dependent. But happily, we see that 
the average of the two masses is independent of A, and one thus finds the following result, 
which defines an upper bound on the lowest mass eigenvalue: 

2 _ 1 t^2 , _2 



"^<p= 2^"^^+ 



+ ml_)=RF'Fi. (2.21) 



From this result, we conclude that a necessary condition for not having a tachyonic mode 
is that the holomorphic sectional curvature R be positive.^ 

The above result is the rigid limit of the result obtained in [2, 3] for the supergravity 
case. Introducing the gravitino mass m^/2 and the Planck mass Mp, the cosmological 
constant reads Vs = F^Fi — Sm^f^Mp and the average sGoldstino mass is given by the 
following formula in supergravity 

ml = R F'Fi + 2 m2/2 • (2-22) 

We see that the main feature of this result, namely the dependence on the curvature R, 
is also captured in the rigid limit, in which m^/2 —5- and Mp — t- oo. Gravitational 
effects infiuence only quantitatively the result, and the metastability condition implies 
now that the holomorphic sectional curvature R be larger than the negative critical value 
—27723/2/(^3 + 377X3/2-'^?)) which tends to in the rigid limit. 

The above necessary condition for metastability becomes also sufficient if for a given 
Kahler potential K one allows the superpotential W to be adjusted [6, 7]. Indeed, at 
the stationary point one may tune Wi to maximize the average sGoldstino mass, Wij to 
make the other masses arbitrarily large, and Wijk to set the splitting between the two 
sGoldstino masses to zero. 



^In the limiting case of models based on a flat geometry, for which R vanishes, one generically finds 
that one of the sGoldstini is tachyonic and the other not. The best thing that one may do is then to tune 
the superpotential to make both of them massless, with vanishing A. One can then show that in such a 
situation the sGoldstini are not only massless, but actually correspond to flat directions of the potential 
and are identifled with the so-called pseudo- moduli arising in these models. See [21] for a recent discussion. 



3 N=l models with chiral and vector multiplets 

Let us consider next the most general case of A^ = 1 theories with ric chiral multiplets $* 
and fly vector multiplets V^. The most general two-derivative Lagrangian is in this case 
specified by a real Kahler potential K, a holomorphic superpotential W, a holomorphic 
gauge kinetic function fab, some holomorphic Killing vectors X* and some real Fayet- 
Iliopoulos constants ^a, and reads: 



£ 



d^e 



K{^,^,V)+^aV'' 



+ d 



W^W + ^/a6WW^""W^i 



The gauge transformations form a Lie group with structure constants f^b^, 
follows on the superfields, with chiral multiplet parameters A": 

<5gF" = -^ (A" - A") + ^Ac"(A^ + A^)V^' + 0{V^) . 



+ h.c. . (3.1) 
and act as 



(3.2) 
(3.3) 



Gauge invariance of the Lagrangian imposes that the variation of the non-holomorphic 
terms should be at most a Kahler transformation of the form A"'fa+A"'fa, where the fa are 
some holomorphic functions, whereas the holomorphic terms should be strictly invariant. 
This implies the following conditions: 



KKi 



2^^ 
0, 



Ja 1 



Xafbci — —^Ja(b 

^a = whenever /,,/ / . 



~^Ja(b Jc)d ■ 



(3.4) 
(3.5) 
(3.6) 

(3.7) 



These equations show that —i^Ka can be identified with the real Killing potential for the 
Killing vector X\, and the Fayet-Iliopoulos constants ^a can be interpreted as coming from 
the freedom of adding a constant to this potential for Abelian generators: 






(3.8) 



One also has to impose the equivariance condition on the Killing vectors, i.e. that the 
operators 5a = Xadi + Xidj satisfy the group algebra [6a, Sb] = —fab^c- This guarantees 
that the Killing potentials can be chosen to transform in the adjoint representation, so 
that 



In the Wess-Zumino gauge, the action simplifies to the following expression: 



£ 



dH 



a-trb 



K{'^, ^) + (K,($, ^) + QV' + 2 <7i,-($, ^)X'a{<^)Xl{^)V''V 



+ d'9 



W{^) + - fab{^) W'^'^Wi 



+ h.c. . 



(3.9) 



(3.10) 



In components, this gives 

-'-hab X'^P'X' + h.c. + ^haM AV^^^F^, + h.c. - Vs - Vp , (3.11) 

where: 



Vs = g'^WiWj + i h''\Ka+ ^a){Kb+ 6) 



Vf 



V^Wj ip'ip^ - g'^hatiWjX'X'' + ^/^{gijXl + -h'''hau{Kc+ ^cWX"" 



'iSa'^w.j,/,' 



a\b\c\d 



1 



/,n",/,-?\^ 



-i?,^-fc;-VV>'V'' + -/'hauhcdjX''X"X^X'' + -/i^"/i„c^/iMj^'A>^A' 
V./i„fe,- W' A"A^ + /i^'^/iaei/iM,V''A>n^l + h.c. . 



In these formulae, D„ is the gauge covariant derivative acting as D^ 



d„ 



+ h.c. 



(3.12) 



b AC 



D^r = d^^P' + A1,djXl V^ and D^A« = 5^A" + /,,M^A^ F^, = d^Al - d^A^ + /,/A^^, 
is the field-strength, whereas hab and fcafe are the real and imaginary parts of fab- 

The supersymmetry transformation laws involve not only the usual action of the su- 
percharges, but also a compensating gauge transformation needed to preserve the Wess- 
Zumino gauge choice, with superfield parameter given by A" = 2i9a^eA't + 26'^eX"'. The 
additional gauge transformation has no effect on the transformation laws of the compo- 
nents of y", but gives some additional terms in those of the components of ^\ In partic- 
ular, it turns the ordinary derivative appearing in dtp^ into a gauge-covariant derivative. 
One finally finds 



#* = V2eF' + V2ip(f>'e, 

SX" = ieD'' + a^"'eF;i^. 
The auxiliary fields F* and D" are given by 

F* = -g^mj + ir;., v^v' + Ig^'Kbj'x^'x' , 

D- = -^h''\Kb+ Cb) - j^h'^'hci i>'X' + h.c. 



(3.13) 
(3.14) 
(3.15) 
(3.16) 



(3.17) 
(3.18) 



The extension to supergravity is again well known [22, 23] and presents in this case 
a subtlety. It turns out that models of the above type can generically be coupled to 
gravity only in the absence of Fayet-Iliopoulos terms, i.e. when ^a = 0. This is due to the 
fact that the accidental gauge-invariance of this term in rigid supersymmetry is spoiled 
by gravitational effects. Similarly, there cannot be any non-trivial holomorphic function 
appearing in gauge transformations of the Kahler potential, once the superpotential is 
assumed to be gauge invariant, and one needs /a = 0. A way out of this restriction arises 
only if the theory admits an i?-symmetry, which can be gauged and for which a Fayet- 
Iliopoulos term is possible [24, 25]. For the rest, the main new feature is as before that there 



appears a non-trivial U{1) bundle over the scalar manifold with curvature proportional to 
Mp , and the manifold becomes Kahler-Hodge. From now on, we shall restrict to models 
that can emerge from a smooth rigid limit of the local case, although most of the results 
that we shall derive in the remainder of this section have a more general validity. We 
shall moreover not discuss the special possibility of gauging a C/(1)_r symmetry, and thus 
require for simplicity that 

L = 0, fa = 0. (3.19) 

3.1 Supertrace 

At a generic point in the scalar field space and for vanishing fermions and vector fields, 
the auxiliary fields simplify to 

F* = -W' , (3.20) 

D" = -i/i"%. (3.21) 

The mass matrix of the scalar fields is given by the following two blocks: 

+ ^ {V^Xaj - 2h^''hauXcj) D" + h.c. , (3.22) 

{ml)ij = -V.VjWkF'' - h''''Xa^XbJ - liV^habj - 2h''^hacihMj) D'' D^ 

+ 2i h'^Kb^iX^.^D^ + T'ljVsk ■ (3.23) 

The mass matrix of the fermions involves instead the following three blocks: 

(mi/2)y = V^Wj , (3.24) 

{mi/2)ab = habi F' , (3.25) 

("1-1/2)^ = V2Xai - -7=habi D^ ■ (3.26) 

Finally, the mass matrix of the vectors is 

{ml)ab = 2XlXb)i. (3.27) 

A straightforward computation gives 

tr[m2] = 2 ViWjVW + 2 RijF'F^ + 2 h''^Xa^Xi + 2h^^haciKd" D^D"" 

+ i (V,X: - 2h''hauXi) D^ + h.c. , (3.28) 

tiimj/^] = ViWjV'W^ + h^^h'"'KuKdjF'F^ + '^h^''Xa^Xi 

+ h^'hac^h^i D^D' - 2i h^'hciXiD^ + h.c. , (3.29) 

tr[m2]=2/^'^^X,,X^ (3.30) 

It follows that the supertrace of the mass matrix is given by [16] 
str[?7i ] = tr[mQ] — 2 tr [771-1^/2] + 3tr[?n,;^] 

= 2 (% - h'^'h^'^Kuhcdj) F'F^ + i {ViXi + 2h'^KMXl) D'^ + h.c. (3.31) 



Note that we did not need to fix a gauge for the ordinary gauge symmetry to perform 
this computation, thanks to the fact that the unphysical would-be Goldstone scalars that 
are eaten by the gauge fields correspond to flat directions of the scalar mass matrix. By 
tracing over the whole mff, one does therefore not overcount these modes, since they come 
with a vanishing value of the mass. 

3.2 Metastability 

The possible vacua of the theory correspond to points in the scalar manifold that satisfy 
the stationarity condition Vsi = 0, which implies 

ViWj F^ + ^habiD^'D'' + iXa^D'' = . (3.32) 

By contracting this relation with the Killing vectors X^ and taking the imaginary part, 
and using (3.5) and its derivative as well as (3.9), one also finds the following relation 
between the values of the F^ and D" auxiliary fields: 

iV.Xaj F'F^ - XlXb)i D'' + \fjkdc D^'D^ = . (3.33) 

By further contraction with D"-, this also implies iViXajD°-F^F^ — X'^^^X^i D°- D^ = 0. 
This formula shows in particular that if the F^ vanish then also the D"^ vanish, under 
the assumption that there are neither Fayet-Iliopoulos terms nor non-trivial Kahler trans- 
formation functions associated to gauge transformations. Indeed, in such a situation the 
first term vanishes, and the equation implies that either D"^ or X^ should vanish. But 
X\ = implies also Da = 0, whenever the total non-holomorphic term in the Lagrangian 
is strictly gauge invariant, since in that case Da = —iXaKi. 

On the vacuum one has (5^* = -\/2eF* and SX"" = ieD^, and supersymmetry is spon- 
taneously broken if at least some of the auxiliary fields F^ or D" are non- vanishing. The 
order parameter is the norm of the vector of auxiliary fields, which defines the scalar po- 
tential energy Vs = F^Fi + ^D^Da- In such a situation, there is then a massless Goldstino 
given by 

f] = v^Fiil^' + iDaX"" . (3.34) 

Indeed, the stationarity condition and the gauge invariance of the superpotential imply 
that this is a fiat direction of the fermion mass matrix: 

m^ = . (3.35) 

As before, the would-be super symmetric partners of this fermionic mode, the sGoldstini, 
have masses that are controlled by the process of supersymmetry breaking. They are then 
particularly dangerous for the metastability of the vacuum. From the form of the super- 
symmetry transformations, we see that in this case these modes are linear combinations 
of both scalars and vectors. However, since the vector components cannot get negative 
square masses, the relevant thing to look at is the projection onto the scalar field space. 
One then gets the same two independent real linear combinations as before, corresponding 
to the projection of the complex Goldstino vector r/* = \/2F*: 

99+ = F,(t>' + F,4>' , v?_ = iF^^' - iF-,4>' . (3.36) 
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The masses of these two scalar modes can now be computed as before, by evaluating the 
scalar mass matrix along the directions tpi^ = (F*, F*) and ipL = {iF^, —iF'^), and dividing 
by the length of these vectors, which is 2F*Fj. After using the stationarity condition as 
well as the various constraints imposed by gauge invariance to simplify the results, one 
obtains 

m^ = RF'F, + SD^Da + \t ^ ^ + M^il-^ ± A. (3.37) 

v± "■ A F'Fi F'Fi 

The first four terms involving the quantities R, S, T and M^ come from the contribution 
of the Hermitian block (?n,o)ij of the mass matrix. It turns out that R is as before the 
holomorphic sectional curvature in the complex plane defined by the Goldstino direction 
F*, whereas S and T and similar objects defined out of the derivatives of hab, and M^ is 
related to the mass of the vector fields: 

R- ^^fe^y^ ' (3-38) 

_ ha,,h-^hdbjF^FW-D' 
^- {F>^F,){D^D,) ' ^'-''^ 

habihjD''D''D''D'^ 

^= '(Wr — • <'■""> 

M^ = — '^—^ . (3.41) 

The quantity A corresponds instead to the contribution from the complex block (w,q)jj, 
and has again a more complicated and model-dependent expression. But as before, we see 
that the average of the two masses is independent of A, and one thus finds the following 
result, which defines an upper bound on the lowest mass eigenvalue: 

ip 2^ 'P+ V-' 4 F'''F- F'^F- 

From this, we conclude that a necessary condition for not having a tachyonic mode is that 
the holomorphic sectional curvature R be larger than a certain negative-definite value 
controlled by the data of the gauge sector. 

In this case, there is an additional feature concerning scalar fields that has to be con- 
sidered. Indeed, on the vacuum one has 5g(j)^ = A°X* , and some of the gauge symmetries 
may be spontaneously broken if some of the components of X* are non-vanishing. The 
order parameters are the eigenvalues of the matrix of scalar products of the Killing vec- 
tors, which defines the gauge boson mass matrix {m\)ah = 2X*^Xfe)j. In such a situation, 
there are thus also other complex directions of special relevance, namely those defined by 
the Killing vectors X*. These are related to the would-be Goldstone modes that are eaten 
by the massive vector fields when the gauge symmetry is spontaneously broken, which are 
given by the following real combinations: 

aa = Xa^<t)' + Xa,4>'. (3.43) 

Along these unphysical directions, the scalar mass matrix has vanishing value: 

ml^=Q. (3.44) 
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One may then wonder what happens along the conjugate directions defined by 

Pa = iXa^4>' - iXa,4>' ■ (3-45) 

These generically have non- vanishing masses, 

m^^/O. (3.46) 

These informations all directly follow from the gauge invariance of the scalar potential. 
This implies that X* VjVs + XaVjVs = 0, and can be checked to be a consequence of 
gauge invariance conditions listed previously plus the equivariance condition. Taking 
then a further derivative and going to a stationary point, one immediately deduces that 
{m'^)KiX'a + (m-o)_Kj^a = 0, which is the statement that the would-be Goldstone boson 
a a is massless. 

At this point, one may wonder whether one could perhaps get some other relevant 
metastability conditions by looking at the complex partners pa of the would-be Goldstone 
modes, which are a priory physical scalar fields. In the limit of unbroken super symmetry, 
these modes have the same masses as the vector bosons. Upon supersymmetry breaking, 
they however split, and if the scale of supersymmetry breaking is much larger than that of 
gauge symmetry breaking, this splitting may become larger than the average mass of the 
multiplet and give rise to tachyons. A priori, there is no obstruction against making the 
gauge symmetry breaking scale much larger than the scale of supersymmetry breaking, 
thereby avoiding that some of these states become tachyonic. However, in such a limit the 
effect of the gauging on the sGoldstino masses gets suppressed, and the potential benefits 
from the presence of the vector multiplets disappear. A careful study may then perhaps 
unravel a limitation on how much one may increase the sGoldstino masses through a 
gauging, coming from the danger that these other states pa become tachyonic. However, 
we have not been able to find any simple result along this line of reasoning. We thus 
refrain from reporting here the rather complicated expression for the mass matrix of the 
fields Pa , which consists of the mass matrix of the vectors plus a series of terms that involve 
various tensors built out of X* and its derivatives contracted with the auxiliary fields F^ 
and D"". 

As a final remark on this issue, let us note that -F* is orthogonal to X*, as a con- 
sequence of the gauge invariance of the superpotential. This means that the sGoldstini 
ip± and the above complex partners of the would-be Goldstones pa actually probe the 
scalar mass matrix in two different sectors, the former orthogonal to X* and the latter 
parallel to X*. Moreover, in the absence of supersymmetry breaking, these two sec- 
tor are disentangled: the former describes the light chiral multiplets and the latter the 
heavy vector multiplets. However, it should also be noted that there is no guarantee 
that the would-be Goldstone modes aa and their complex partners pa represent inde- 
pendent modes. Indeed, the number of linearly independent vectors in each of the two 
sets of (T^ = (X*,X*) and p^ = {iX^^, — iX*) equals the rank of the matrix of the scalar 
products within each set, which coincides with the symmetric gauge bosons mass matrix 
2gijX^^^Xl = {m1)ab- On the other hand, the total number of linearly independent vectors 
in the full set containing both the a^ and the Pa may be lower, because some of the a^ 
may be linear combinations of the p^ and vice versa. It is given by the rank of a twice 
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bigger matrix with diagonal blocks given by 2gijXJ^X^ = {mf)ab and off-diagonal blocks 
given by 2gijX'LXl = —if^^Dc, which is also equal to twice the rank of the Hermitian 
matrix 2gijX^^X^ = {mDab — "^fab-^c- Indeed, the existence of a complex null vector v^ for 
this matrix implies that X^^v"" = X^^v"" = 0, and for each such null vector there are thus 
two linear relations between the pa and the cr^ along the real directions Hev"" and Imw": 
Hev^Pa = —Im v^cTfl and luiv^'pa = Ref^Ua. In such a situation, two combinations of the 
Pa are then unphysical would-be Goldstone modes too. 

The result derived above for the average sGoldstino mass represents the rigid limit 
of the one derived in [5], generalized to arbitrary non-Abelian gauge groups. In terms 
of the gravitino mass ^71,3/2 and the Planck mass Mp, the cosmological constant reads 
Vs = F*Fj -|- ^D"-Da — Smg/gMp, and the averaged sGoldstino mass is 



m 



+ 2m2/2. (3.47) 

We again see that the main feature of this result, namely the dependence on the curvatures 
R, S, T and on the mass M^, is also captured in the rigid limit, in which m^/2 -^ and 
Mp — 7- 00. As before, gravitational effects influence only quantitatively the result. 

In this case the necessary condition for metastability does not become sufficient even 
if for a given Kahler potential K one allows the superpotential W to be adjusted. Indeed, 
the restriction of gauge invariance of W implies that WiX^ = 0, WijXi = —diXiWj and 
WijkX^ = —2d(iX'^Wj)k — didjXJ^Wk- This shows that at the stationary point Wi, Wij 
and Wijk cannot be freely tuned along the complex directions associated to the Killing 
vectors X^. The real modes corresponding to these directions are the would-be Goldstone 
modes aa and their complex partners pa- The masses of the latter can therefore not be 
adjusted through their F-term part depending on W and represent a left-over danger, 
whenever they are physical. These masses have however also a D-term part depending on 
the Killing potentials Ka, and tend to the vector bosons masses in the super symmetric 
limit. This suggests that if one could somehow also allow the Killing potential Ka to be 
adjusted, the metastability condition would become once again effectively sufficient. The 
extent to which one can imagine to do that is however clearly restricted, since Ka, on the 
contrary of W, does have some relation to the geometry defined by K. 



4 N=2 models with hyper multiplets 

Let us now consider the simplest case of iV = 2 theories with n-^ hyper multiplets Ti . 
This is a particular case of iV = 1 theory with riQ = 2n-^ chiral multiplets Q", with the 
particularity that it admits a second supersymmetry. The most general two-derivative 
Lagrangian is specified by a real Kahler potential K and a holomorphic superpotential 
W, and in A^ = 1 superspace it takes the usual form 

C = [(fe KiQ, Q) + I (fe W{Q) + h.c. . (4.1) 

The existence of a second supersymmetry mixing different A^ = 1 superfields implies strong 
additional restrictions on K and W . To derive these restrictions, we shall follow [13] and 
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construct systematically the most general form of the second supersymmetry. 

The general form of the second non-manifest supersymmetry transformation can be 
parametrized as follows with a general complex function N"^, a holomorphic function X" 
and a phase s [13, 26, 27]: 

<5Q« = i52(iV«(Q,Q)(e0 + t^)) - 2i(s + s)X"(Q)e0 . (4.2) 

In order for this to correctly satisfy an A^ = 1 supersymmetry subalgebra, more precisely 
[6i,62]Q^ = — 2i(ei(T^e2 — ^20''^ei)d^Q^ , one needs to impose some restrictions on the 
functions iV" and X". A straightforward computation shows that the required conditions 
are the following: 

a^iV^a^iV^ = -6^ , dsd^N'^dtN'' - did^N^'dsN" = (4.3) 

d^X'^dj^N'" - a^(a^iV"X'^) - d^d^N'^X'" = O , (4.4) 

Let us now check under what circumstances the Lagrangian (4.1) is left invariant by 
a second supersymmetry of this general allowed form. One finds that this is the case 
provided that 

V„iV^ + V„iV„ = , V,„(V„iV^) = 0, V^(V„iV^) = 0, (4.5) 

X" = isV"iV^VF^ , KuX"" + KuX'' = f + f . (4.6) 

In these equations, we have used the Kahler metric to raise and lower indices, and / 
denotes an arbitrary holomorphic function of the chiral multiplets. 

In order to clarify the geometrical meaning of the above restrictions, let us introduce 
the following notation: 

^uv = VuN^ ■ (4.7) 

In terms of this quantity, the constraints (4.5) for the invariance of the action imply 
that 0,uv should be antisymmetric, covariantly constant and holomorphic. Moreover, the 
first constraint (4.3) from the closure of the algebra implies a further constraint on the 
contraction of ^uv with its conjugate, while the second of (4.3) is automatically satisfied 
as a consequence of the holomorphicity of 0,uv One thus finds: 

n\[7% = -<5«. (4.9) 

It then follows that the Kahler manifold admits three complex structures, constructed out 

OI i ^uv ^^ 

, ,j / f^"j; \ „ ,, / iJ7\ \ , ,, fi6^ \ 

'^ '"' - U ) • '^ '"' - U=. ) ■ <^'>"^- - ( ..si) ■ <^-^°> 

which are covariantly constant and satisfy the quaternions algebra: 

Vc/(J")V = 0, (4.11) 

{rfw{j'')^v = -'^y'^"^ + e'^y'irfv ■ (4.12) 
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This means that the Kahler manifold must actually be Hyper-Kahler [28, 29]. 

Notice that the transformation functions iV" are implicitly determined by the quantity 
Quv specifying the quaternionic structure. Indeed, compatibly with all the properties listed 
above, one can write: 

N^ = -n^-(K, + f,), KuN^ = Kug''. (4.13) 

The arbitrary holomorphic functions f^ and 51" = —Cl'^'"f^ reflect the ambiguities related 
to Kahler transformations of K and in the definition of iV". 

Concerning the superpotential, we see that the basic object controlling its structure is 
the holomorphic vector defined by (4.6): 

X" = isf^™W„. (4.14) 

The constraints (4.6) from the invariance of the action imply, upon taking some derivatives, 
that X" is holomorphic and satisfies the Killing equation, whereas the condition (4.4) 
coming from the closure of the algebra implies that it also satisfies a further Killing-like 
equation involving 17"^: 

V^X« = 0, V„X^ + VsX„ = 0, (4.15) 

n^^Va"" - ^%V^X« = . (4.16) 

This shows that X" must actually be a triholomorphic Killing vector of the Hyper-Kahler 
manifold, meaning that the Lie derivative along it of any of the three complex structures 
J^ must vanish: 

{C^+x-n\ = Q. (4.17) 

For X = 3, this is simply the statement in the first of the relations (4.15) that it is holomor- 
phic with respect to the complex structure that is already manifest from the beginning, 
whereas for a; = 1, 2 it amounts to the additional relation (4.16), which guarantees that it 
is also holomorphic with respect to the two additional complex structures. 

Since X^ is a triholomorphic Killing vector, it admits three different real Killing 
potentials P^, one for each complex structure J^ (no sum over x): 

xU = {rfyV^P\ (4.18) 

Notice that the Killing potentials P^ are only defined modulo constants, which are here 
irrelevant. In complex coordinates one then finds X" = Jl^^V^P^ = ii7\V^P^ = iV"P^. 
We see that —P^ corresponds to the standard real Killing potential for X" seen as holo- 
morphic with respect to J^. In addition, one may however also use P^ and P^ to form a 
complex Killing potential 

P = -'-iP'+iP'), (4.19) 

which has the property of being holomorphic with respect to J^: 

VsP = 0. (4.20) 
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We may then write X" = iV^P^ but also X^ = i^^'"Py. Comparing with (4.14), we 
see that the superpotential can be identified with this holomorphic Kihing potential [30], 
times the phase s: 

W = sP. (4.21) 

Note that the phase s cannot be trivially eliminated by rescaling X" and P, because only 
a real rescaling of these quantities preserves their defining properties. 

Having constructed the most general model that is invariant under both the usual and 
the extra supersymmetries, we may now compute the commutator of such transformations 
and check that it closes only on-shell and with a non-trivial central charge related to the 
Killing vector X". Indeed, the superfield equations of motion read D^K^ — 4:Wu = and 
thanks to the properties of the tensor Q^"" they imply that D'^N'^ + 4isX^ = 0. Using this 
equation, one then easily verifies that [(5i, 52]<3" = —2i{seie2 — sei€2)X^, whose right-hand 
side is of the form 

4(3" = aX"($) . (4.22) 

This central charge transformation corresponds to a global symmetry of the theory. In- 
deed, 5cK = X'^Ku + X^Ku = f + f and 6cW = X'^Wu = isX'^QuvX'' = 0, as a 
consequence of the second of (4.6) and the first of (4.8). It follows that the Lagrangian 
(4.1) is invariant. 

It is worth emphasizing that it is possible to consider alternative versions of the second 
supersymmetry transformations, which look different but yield the same on-shell transfor- 
mations. For instance, as explained in [26] one may add to the transformation (4.2) the 
trivial transformation StQ"^ = ^^^^{D'^Kv —AsPy)e6, which is a symmetry of the on-shell 
theory since f^™ is antisymmetric and the parenthesis is proportional to the equations of 
motion of Q". One then obtains (5Q" = \D'^{N'''te) - 2isX'^W. 

Before going on, let us summarize some important features of Hyper-Kahler manifolds 
that will be relevant in the following. First, notice that the properties (4.8) imply that 
0"^9[sf^"il ~ ^"^^ that the Christoffel symbols are entirely determined in terms of fi"^ 
and its conjugate: 

r^, = -n\d,sn% . (4.23) 

From this expression one may compute the Ricci tensor and show that it identically 
vanishes, due to the above properties of il"^: 

Ruv = 0. (4.24) 

Finally, the integrability condition associated to the differential constraint (4.8) implies 
that the Riemann tensor, which is also completely determined by ri\ and its conjugate, 
satisfies the following algebraic constraint: 

^\^.,«)sf = 0. (4.25) 

Using (4.9), this also implies 

n _0" O™ P O" O"^ O? O^ P _ _ (A 9(\^ 

^^uvst — ^' M^' v-'^snmt — '^' w^' ij'^' s^' f^^pnmq ■ V^-^^) 
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Let us also quote for later reference the following important property of the triholo- 
morphic Killing vector X", which follows from eqs. (4.15) and (4.16): 

V„X" = . (4.27) 

To sum up, we see that in order to get an A^ = 2 model, the geometry must be Hyper- 
Kahler and the superpotential must be given by the holomorphic Killing potential defining 
a triholomorphic Killing vector associated to a central charge: 

C = jd^e K{Q, Q) + jSe sP{Q) + h.c. . (4.28) 

The component Lagrangian reads 

C = -guv d^q'^d^f - igu, x" (^x' + r^ ^'x') - Vg - Vp , (4.29) 

where: 

^S = 5™^"^" (4.30) 

Vf = ^5f^„«,V,X-xV + h.c. - -^Ru.s-tX^'x'rx^ (4.31) 

The first supersymmetry transformations are specified by the usual action of the su- 
percharges on the superfields and act as follows on component fields: 

<5g« = V2 6x", (4.32) 

5;^« = V2eF" + \/2i^g"e. (4.33) 

The value of the auxiliary fields F" is 

F^ = im\X'^ + \Tlx'x'. (4.34) 

The action of the second supersymmetry is obtained by computing the components of the 
superfield expression (4.2). One finds: 

<5g- = -y2Ji%lr, (4.35) 

<5x" = ^/2 eF« + y2r« fi% ifx' + ^i ^%^f t. (4.36) 

The quantity F" is found to be given by 

F- = 0% (F^ + (5 + s)P^ - 1 Ti fx') = -isX^ ■ (4.37) 

The extension to supergravity is described in [14, 15]. It turns out that there is no 
obstruction in coupling a model of the above type to gravity. The main new feature is 
that there appears a non-trivial SU{2) bundle over the scalar manifold with curvature 
proportional to Mp , and the manifold becomes Quaternionic-Kahler. In this setting, the 
fact that the scalar potential depends on a Killing vector can be understood as coming 
from a gauging, of the type described in [31] and involving the graviphoton A^. To see 
how it works, it is convenient to rewrite X" in terms of some new Xq with dimension 1 
rather than 2, by introducing some mass scale /i and defining X" = \/2ij,Xq. One may 
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further promote the mass scale ;U to a complex mass parameter including the arbitrary 
phase s appearing in the supersymmetry transformations laws, L^ = —isfi, and write: 

X"" = V2isX^L^. (4.38) 

Correspondingly, one may rewrite the Killing potentials as P^ = y^isP^L^, in such a 
way that P = V2is PqL^ . For simplicity, we set from now on s = i, corresponding to L^ 
real, but it is clear that an arbitrary s and a complex L^ can be easily restored. We then 
see that the Lagrangian obtained above coincides with the one that emerges by taking 
a suitable rigid limit of A^ = 2 supergravity coupled to hyper multiplets with a gauging 
of the central charge by the graviphoton A^, whose action involves Xq. The non-trivial 
superpotential of the rigid theory, which is the generalization of the mass terms for the 
hyper multiplets that are allowed already in renormalizable theories, is obtained in the 
double scaling limit in which the Planck scale is sent to infinity and the graviphoton 
coupling to zero, but in such a way that their product gives rise to a finite mass scale. 

Notice finally that the scalar potential can be rewritten in a more familiar way by 
switching to general real coordinates: 2guvX^XQ = guyX\^ X^ . One gets then the same 
result as in [14, 15], namely: 

Vs = guvXl^Px^L'' . (4.39) 

4.1 Supertrace 

At a generic point in the scalar field space and for vanishing fermions, the auxiliary fields 
simplify to 

F" = n%X^ . (4.40) 

The corresponding hatted quantities similarly simplify to 

F" = n^F"" = -X" . (4.41) 

The mass matrix of the scalar fields is given by 

{mlU = VuX-^V^X^ - Ru^siF'F' , (4.42) 

{mlU = -Rusvi^'^n^F'^F^ + Ti.Vst • (4.43) 

The mass matrix of the fermions is instead 

("Ii/2)m^ = -n^uwVv)X'" . (4.44) 

Recalling that Hyper-Kahler manifolds are Ricci-flat, one easily computes 

tr[mg] = 2 V„X^V"X„ , (4.45) 

'■1/2] 
It follows that the supertrace of the mass matrix vanishes [13]: 



tilmj,^] = VuX'"V''X^ . (4.46) 



str[m ] = tr[mo] — 2tr[m-|^/2] 

= . (4.47) 

This result also follows directly from (2.14) and the fact that Hyper-Kahler manifolds are 
Ricci-flat. 
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4.2 Metastability 

The possible vacua of the theory correspond to points in the scalar manifold that satisfy 
the stationarity condition Vsu = 0. This reads: 

QuwV^X'^F'' = . (4.48) 

On the vacuum one has 5^p'^ = \/2eF^ and S^p'^ = y^iF"^, and the first and second 
supersymmetries are spontaneously broken respectively if some of the auxiliary fields F^ or 
some of the F" are non- vanishing. The order parameters are the norms of the two vectors 
formed out of these two types of quantities. Since F'^F^ = F'^F^, these two norms actually 
coincide and both define the scalar potential energy, in two equivalent ways emphasizing 
the two supersymmetries: Vs = F'^Fu = F^Fu- In such a situation, there are then two 
massless Goldstini given by: 

77 = y2F„x", r) = y24x". (4.49) 

Indeed, the stationarity condition implies that these are both flat directions of the fermion 
mass matrix: 

mj, = 0, m^ = 0. (4.50) 

In this case the two supersymmetries can only be broken simultaneously. This is due to the 
fact that the conditions that -F" and F" vanish are equivalent, since they are related by 
the invertible relation (4.41). From the structure of the supersymmetry transformations, 
we see that the four would-be supersymmetric scalar partners of these fermionic modes, 
the sGoldstini, can be parametrized by the four independent real linear combinations that 
one can form with the two complex Goldstino vectors rf' = v^F" and f)" = \/2F^: 

ip+ = Fuq'' + Faf , ^ - = iKq'' - iFnf , (4.51) 

^+=F„g" + F«r, 0^ = iKq'' - iFuf ■ (4.52) 

The masses of these four scalar modes can now be computed by evaluating the scalar 
mass matrix along the directions ip^ = (F",F"), c/?^ = {iF^,—iF^), (p^ = {F'^^F^) and 
(pP_ = (ii^", —iF'^), and dividing by the length of these vectors, which is 2F^Fu = 2F^Fu. 
Notice that F" and -F" are orthogonal, F^Fu = 0, and should thus lead to two independent 
informations. 

Viewing the theory as an A^ = 1 theory with F breaking, the first pair of masses is 
given by eq. (2.19), with R given by (2.20). The constraints imposed by the fact that the 
geometry is Hyper-Kahler do not substantially simplify neither the stationarity condition 
nor the form of the curvature at a stationary point, and one still has: 

R = generically non-zero . (4.53) 

Coming back to the N = 2 picture, one may compute more explicitly all the four 
masses. After using the stationarity condition to simplify the results, one obtains: 

ml^ = {R± Ra) F^F^ , (4.54) 

m|^ = {R± Ra) F^Fu . (4.55) 
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The terms involving the quantity R and R come from the contributions of the Hermitian 
block (^0)0 of the mass matrix, whereas the terms involving R/\ and -Ra correspond to 
the contributions from the complex block {mQ)ij. In this case, these quantities are all 
related to sectional curvatures, and one finds 

R - tF^f'"F''F^ 

R - tF^F''F''F^ 
_iW^ww_f^ (4.57) 



R - tF'^F'"F^F^ 

Jf^^f\^ 



^ = - "^?^,„^^. . (4-58) 

w) 

R - tF^F^F''F^ 
It then follows that 



,2 _ 1 f^2 , ^2 



K=2 ("'^+ +K-)=R ^"^- ' (4-60) 

K^l hl^ +m%_)=R F^Fu . (4.61) 

This represents exactly the same type of information as in the case of A^ = 1 theories with 
chiral multiplets, but once for each supersymmetry. 

The crucial sharpening in the necessary conditions for metastability comes now when 
one takes into account that the scalar manifold is not only Kahler but actually Hyper- 
Kahler. From (4.26) it follows indeed that: 

R=-R^ = -R. (4.62) 

The four sGoldstino masses then simplify to: 

ml^ = {R± Ra) F^Fu , (4.63) 

4 
This finally leads to the following results: 



m|^=0, m|_ = -2i?F«F„. (4.64) 



"losing = ^1+ = , (4.65) 

2 _ 1 / 2 I 2 , 2 



^99 sing — 'f'+ 

mltrip = i^('ml,+ml_+ml_) =0. (4.66) 



The first of these implies that there is always a massless mode, which can be interpreted 
as the Goldstone boson of the spontaneously broken central charge symmetry. The second 
implies instead that there generically occurs at least one tachyonic mode. 

The above results can be made more transparent by switching to more general real 
coordinates and exploiting the SU{2) symmetry rotating the three complex structures 
{J^)^v More precisely, the four sGoldstini can be organized as a singlet ipQ = X^ plus 
a triplet 93^ = {J^)^yX^ , so that modulo irrelevant factors ip^ = (p^ and 99^ = c^^, 
^2 ~ 'r-^ vi — 'r-- O116 then has m^^j = 0, corresponding again to the Goldstone mode 
of the spontaneously broken central charge symmetry, and ^^ m^ = 0, corresponding to 
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an SU{2) invariant sum rule on the masses of the remaining triplet of sGoldstini. More 
precisely, one finds: 

ml,=0, (4.67) 

ml^ = -2R,F^F^, (4.68) 

where Rx denotes the holomorphic sectional curvature defined by the complex structure 
{J^)^y and the direction X^: 

it.- {X^Xk? ■ ^ ' 

Indeed, one easily verifies that R\ = —\{R + -Ra), R2 = ~^(-R ~ ^a) and i?3 = R. 
Moreover, the result (4.66) is now seen to descend directly from the integrability condition 
of the covariant constancy of the three complex structures, which reads Vt'^y^R^^^yjsi = 
and implies the following sum rule: 

Vi?, = 0. (4.70) 

^ — ^x 



that m^j + m^2 = ^.RF^Fu, there is a further information on the other two sGoldstini 
coming from the second supersymmetry and which implies that tti^ = 0, correspond- 



Summarizing, besides the A^ = 1 information on two of the sGoldstini, which implies 

ing to the Goldstone mode associated to the spontaneous breaking of the central charge 
symmetry, and m^g = —2RF'^Fu. It follows that one of the sGoldstini always has a non- 
positive square mass, independently of the sign of R. It should be emphasized that the 
A^ = 1 metastability condition is recovered through the average of the sGoldstino masses 
associated to the first and second non-canonical complex structures, and not through the 
sGoldstino mass associated to the third canonical complex structure, which has instead 
the opposite sign. 

The above results are the rigid limit of the results obtained in [8] for the supergravity 
case. The cosmological constant reads Vs = F^F^ — 3my2^p ^^"^ ^^^ relevant combina- 
tion of sGoldstino masses is 

m^ ,,ip = -2 Mp 2 F^Fu + - ml, . (4.71) 

We see again that the main features of this result are also captured in the rigid limit, in 
which m.3/2 — )■ and Mp — )■ 00. Gravitational effects influence only quantitatively the 
result. For the triplet sGoldstino, the first term partly arises from the fact that in the 
local case the scalar manifold is Quaternionic-Kahler, rather than Hyper-Kahler, and the 
sum rule (4.70) is deformed due to the SU{2) curvature of order Mp characterizing these 
manifolds. The singlet sGoldstino, on the other hand, is unphysical in the local case, the 
corresponding degree of freedom being eaten by the graviphoton. But in the limit defined 
by the double scaling in which Mp — )■ 00 and 5 — )■ with gMp — )■ finite, this becomes 
the physical massless Goldstone boson of the spontaneously broken central charge global 
symmetry. This clarifies the rigid limit interpretation of the result of [8] . It also allows to 
check their structure and their normalization by comparing them with the corresponding 
result found here. By doing so, one verifies in particular that the sectional curvatures 
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must appear with opposite signs in the A^ = 1 and the N = 2 sGoldstino masses. This 



ic 



is related to the sum rule Ri + R2 = —R3 + 0{Mp ) holding on the three holomorph 
sectional curvatures. One however also sees that the N = 2 result of [8] must be wrong by 
a factor of 2 in its dependence on the curvature, whereas the sign is correct. We believe 
it may simply miss an overall factor of 2 in its normalization, which we have included in 
(4.71). 

In this case it is not clear to what extent the necessary condition for metastability 
could be made sufficient by allowing a tuning. Indeed, from the A^ = 1 perspective the 
superpotential W is not arbitrary but rather related to an isometry of the geometry defined 
by K. This substantially restricts the freedom to adjust it. 

5 N=2 models with vector multiplets 

Let us continue by considering the case of A^ = 2 theories with ny vector multiplets 
V". This is a particular case of A^ = 1 theory with nc = ny chiral multiplets $* plus 
ny = ny vector multiplets V^. The most general two-derivative Lagrangian is specified 
by a real Kahler potential K^ a holomorphic superpotential VF, a holomorphic gauge 
kinetic function fab, some holomorphic Killing vectors AT* and some real Fayet-Iliopoulos 
constants ^a, and in A^ = 1 superspace it reads 

c = Id^e [k($, $, V) + ^aV"] + l(fe [w{<^) + i fabi'^) VF""i^<^] + h.c. . (5.1) 

The existence of a second super symmetry mixing different A^ = 1 superfields implies 
further strong restrictions on K, W, fab and X* . To work out these restrictions, we follow 
again the logic of [13], with some additional ingredients taken from [32] (see also [33]) to 
obtain the most general allowed superpotential, and also some generalization to make the 
formulation covariant under general field reparametrizations. 

The general form of the second supersymmetry can be parametrized in terms of two 
holomorphic functions /^ and L" plus some complex constants m", and takes the following 
form:^ 

6^' = V2ifi{<i>)eW^, (5.2) 

<5y« = -V2i(Z"(|.) - i f^.^V'i^V^ + 0{V^) + Vsi m''e^)e 6 + h.c. . (5.3) 

In order for this to correctly satisfy an A^ = 1 supersymmetry subalgebra, more pre- 
cisely [6i,S2W = -2i{ei(y^h - e2(J^ei)d^,^' and [diMV^ = -^iih^r^h - h(J^ei)d^y\ 
one needs to impose some relation between the functions /^ and L". A straightforward 
computation shows that one just needs to require that: 

fld,L' = Sl fld,L^ = 5]. (5.4) 

The invariance of the action defined by (5.1) under this second supersymmetry is 
instead guaranteed by the following constraints, where Ma and fa denote arbitrary holo- 



^The transformation (5.3) implies that SW = -^ e D^ L" {<!>) + V2^L''{^)i + 0{V) + 4m" e 
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-^fabL - -Ma ■■ 


— J a 1 


(5.5) 
(5.6) 


' = -h:M,. 




(5.7) 



morphic functions and e^ some complex constants: 

fab = -ifa ^^M, = -if, OiMa , /^i^^^Q " 

Wj: = V2{ea + zfabm'), Xl = flfa,^L\ 
Ca, Ca, m^ = whenever /f,/ / , ifadfb/L'' 

To find out the geometrical meaning of the above constraints, we need first of all to 
interpret the meaning of the holomorphic functions L" appearing in the transformation 
laws and the holomorphic functions Ma parametrizing the constraints put by the invariance 
of the action. Concerning L", it is natural to think of them as representing a general 
reparametrization of the original fields <&*. One can then define the Jacobian matrix of 
this transformation: 

/r = V,L« . (5.8) 

The constraints (5.4) from the closure of the algebra then imply that this Jacobian matrix 
is invertible and that the functions fa are given by the inverse of this matrix: 

f'a = {f-'ya- (5.9) 

Concerning Ma, we may similarly introduce the matrix 

hai = ViMa , (5.10) 

and denote its inverse by 

The two constraints (5.5) coming from the invariance of the action then imply the following 
relations for the gauge kinetic function fab and the Kahler metric gij, where hab denotes 
the real part of fab'- 



fab = -iflKb = -ifihia , (5.12) 

f- 



9^J=habftfJ■ (5.13) 



We now observe that the first of the relations (5.5) can be rewritten in terms of L" and 
Ma as fab = —idMb/dL"- = —idMa/dL^, and implies thus that modulo some irrelevant 
constants the functions Ma must be the gradients with respect to the functions L" of some 
holomorphic function M: 

M = holomorphic prepotential . (5.14) 

In other words, this means that the index a in Ma can be interpreted as the derivative with 
respect to L". It finally follows that the Kahler potential and the gauge kinetic function 
are both determined by the prepotential M and read: 



K='- {MaL- - L'^Ma) + 0{V) = '- ((M e-2^),L« - (L e-2^)"M,) , (5.15) 

fab = -iMab. (5.16) 
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This is the statement that the geometry is Special-Kahler [34, 9, 35, 36], with L" and M^ 
playing the roles of the electric and magnetic components of the symplectic sections. 

Concerning the superpotential, the constraints (5.6) and (5.7) from the invariance of 
the action imply that it is restricted to be a linear combination of the electric and magnetic 
sections L" and Ma corresponding to Abelian factors, with complex coefficients Ca and 

W = V2(eaL" + m"M„) . (5.17) 

This superpotential for the A^ = 1 chiral superfields $*, which is linear in the sections, 
represents the N = 2 completion of the possibility of having a linear Fayet-Iliopoulos 
term for the N = 1 vector superfields V^. More precisely, the term linear in L" is 
trivially invariant on its own, thanks to the fact that the natural partners of the vector 
superfields V^ under the second supersymmetry are the sections L", in the sense that 
5L" = ^piieW"" . On the other hand, the term in Ma is non-trivially invariant, and its 
variation bMa = —V2efabW^ is canceled by the extra variation of the vector kinetic term 
induced by the explicit shift in dW"" proportional to the coefficients m"'. 

We see that the well-known symplectic structure of iV = 2 theories with only vector 
multiplets emerges quite naturally from this framework. Moreover, one automatically finds 
a coordinate-covariant formulation, along the lines of [37, 38]. For vanishing non- Abelian 
gauge couplings and vanishing Fayet-Iliopoulos parameters, the theory is invariant under 
a duality symmetry acting as symplectic transformations on the sections {L"',Ma). 

At this point, one may check that the two supersymmetries commute, meaning that 
there is no central charge in this case: [(5i,(52]$* = 0, [5i,52]^" = 0. This means that the 
full supersymmetry algebra closes off-shell. 

The form of the gauge transformations leaving the action invariant is fixed by the 
expression (5.6) that the Killing vector must take:^ 

'^g^* = /:A/A^^S (5.18) 

S^V = -'-{K" - A") + i/5c"(A* + ~^^)V^ + 0{V^) . (5.19) 

This means that the sections L" must transform in the adjoint representation of the gauge 
group: (5L" = f^^'^h^L'^. The properties (5.7) then guarantee that the Lagrangian is gauge 
invariant. Indeed, the invariance of the Kahler potential requires that 5Ma = —ff^g^AMc- 
But since 6Ma = Mad^L'^, this imphes the constraint Madf^c'^L'^ = —fba^c-, which 
coincides with the second of (5.7). The invariance of the gauge kinetic term further 
requires that 5fab = "^i f cicf ^^d^!^ ■ But since 5fah = —iMabe^L'^, this implies that 
Mabef'cdt^ = —2f^,a^b)d- It IS however straightforward to check that this relation auto- 
matically follows from the former constraint, by taking a further derivative. Finally, the 
invariance of the superpotential implies that it should vanish in the non- Abelian directions, 
corresponding to the first condition in (5.7). 

Before going on, let us summarize some important results concerning Special-Kahler 
geometry. The basic objects characterizing such a geometry are the sections L" and the 



^One also has S^W = A.^A' W 
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following holomorphic symmetric tensor, which is related to the third derivative of the 
prepotential M [39, 40]: 

C^Jk = \Mabcnf,rk■ (5.20) 

Indeed, the Christoffel symbols and the Riemann tensor are found to be given by the 
following expressions: 

T], = d,rkfi-tc,urfi, (5.21) 

From (5.21) one then deduces the following basic relation underlying Special-Kahler geom- 
etry, out of which the expression (5.22) for the Riemann tensor emerges as the integrability 
condition: 

Vj; = iCi.k?'^ . (5.23) 

From this it also follows that: 

V[iC,]H = . (5.24) 

One also easily finds 

haU = -iQjkfafb > (5-25) 

V^habJ - 2 Kc^h''^hMj = -iy^Cjklfafl> ■ (5-26) 

In addition to the above restrictions posed by the geometry, there are also a number of 
relations descending from the fact that the sections describing the scalar fields transform 
in the adjoint representation and the Killing vectors X* are rigidly fixed and given by 
the second of eq. (5.6). Since the Kahler potential is strictly invariant, the real Killing 
potentials associated to these Killing vectors are determined by Ka = —2iX\Ki = 2iXiKj, 
in such a way that X^ = | g'^^VjKa- Using the second of (5.7) and its derivative, one then 
finds the following two equivalent expressions: 

= 2iKdfb/L'L'. (5.27) 

From the expressions (5.6) and (5.27) one then derives the following identities: 

X^L» = 0, XlL^ = -'-rKa, KaL^ = 0, KaL'' = 0. (5.28) 

The equivariance condition reads 

9'^jXiaH = lfab'Kc. (5.29) 

Moreover, as a consequence of the identity Mabefcd^'^ ~ ~'^fc(a^b)d implied by the 
transformation properties of the gauge kinetic function, one finds the following cyclic 
identity: 

Xihbc^ + Xlhca^ + XXbi = . (5.30) 
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Notice finally that using (5.23) one deduces that VjXqj = f^fHfg^f^^hdc + X^hhck), and 
using then (5.30) and the fact that /^^ = 0, one arrives at the following identity: 



^^K 



^kubc 



2Xi h hcak ■ 



(5.31) 



To summarize, the Lagrangian takes the following general form, after choosing the 
Wess-Zumino gauge: 



C 



d^e 



+ d 



K{<^, I.) + {Ka{<^, I.) + e„)y" + 2g,j{^, ^)X:(cI.)X^"(|.)y"I/^ 

+ h.c. . 



^/2(e,L"($) + m''Ma{^)) - - M,b($) W^^W^ 



(5.32) 



One may now verify more explicitly that this is invariant under the second supersymmetry, 
by retaining only terms at most linear in the vector multiplets in eqs. (5.2) and (5.3). In 
components, this gives 



-'-hab X^pl' + h.c. - ^Qjkfift AV'^'^V'F^, + h.c. -Vs-Vf, 



V2 



where: 



Vs = 2h^\ea + ifacm'){eb - ihdfn'') + \ h^\Ka+ ^a){Kb+ 6) , 



(5.33) 
(5.34) 



v. = -^ 



V2ta,J''^{{ea - ifahm'Wi,^ + {ea - ifabm')nP,X'X') 



+V8{Xa^ + -C,,kPaf\K,+ Cft)) V*A« 



+ h.c. 



-^,j^ (V'V'V^^'V^' + flfUlfd A^A^A^A'^ + 2f'Ji V'^A^^'A^) 



+ 4 



(iV,C,H + 2 C^kmCjlnfTr)fafi ^V^A'^A^ 



+ C^kmCjlnfTrfafi V'*A>^ A' 



+ h.c. . 



(5.35) 



The first supersymmetry transformation laws involve not only the usual action of 
the supercharge, but also a compensating gauge transformation with superfield parameter 
A" = 2i6(j^lA't+20'^e\"' needed to preserve the Wess-Zumino gauge choice. The additional 
gauge transformation turns the ordinary derivative appearing in (5V'* into a gauge-covariant 
derivative, and one finds 



54)' = V2ei^\ 

(5yl^ = ie a^jX - iX^a^, e , 

The auxiliary fields F^ and D" are given by 



F' = -V2r{ea - tfabfn') + '-V^^ i^^^ + ^&^nfTfl '^"'X 



(5.36) 
(5.37) 
(5.38) 
(5.39) 



(5.40) 
(5.41) 
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The second supersymmetry transformation laws similarly involve not only (5.2), (5.3), 
but also a gauge transformation with superfield parameter A" = —y/SOeL'^ — 26'^f^eip^, 
needed to preserve the Wess-Zumino gauge. The extra gauge transformation shifts the 
D" auxiliary field appearing in dip"^ by h'^^K),, and one finds 

6^' = V2ef:X\ (5.42) 

h' = V2er + V~2d,ra^\e\-) + a^^^eflF^, , (5.43) 

5Al = -ie aj-:i,' + if^^j^a^ I , (5.44) 

<5A" = a I>" + V2i f^pcj)' I . (5.45) 

The quantities -F* and D" appearing in these expressions are found to be given by 

F^ = ^faiD'^ + h'^'K,) = ^r{Ka - Ca) + ferm. , (5.46) 

D^ = -V2i {f-^r + Tsi m" - i ckf^i^^^) = 2i h'^^eb - ifbcm") + ferm. . (5.47) 

It is clear from the form of these expressions that the vectors (A", ffip^) are doublets 
of the SU{2)r automorphism group of the N = 2 supersymmetry algebra. In particular, 
the second supersymmetry transformation can be obtained by supplementing the first 
supersymmetry transformation with the non-trivial element of the center Z2 of SU{2)r, 
acting as (A",/f^*) — )■ (— /fV*)-^")- The above transformation laws, derived by using 
an A'^ = 1 superfield approach, agree with those derived in a component approach in 
[41, 42, 43, 44] by imposing the above Z2 invariance, in the special case where /? = 5f. 

The extension to supergravity was developed in [34, 35, 14, 15]. It presents again some 
subtleties related to those terms in the action that were not genuinely but accidentally 
invariant. More precisely, it turns out that models of the above type can be consistently 
coupled to gravity only if the coefficients of the Fayet-Iliopoulos terms and the electric 
and magnetic linear superpotentials satisfy some restrictions. Again, this is due to the 
fact that the trivial invariance of such terms in the rigid limit is spoiled by gravitational 
effects. The main new feature is that there appears a non-trivial f/(l) bundle over the 
scalar manifold with curvature proportional to Mp , and the manifold becomes Special- 
Kahler-Hodge. To spell out more precisely the restrictions that need to be imposed on 
the N = 2 Fayet-Iliopoulos terms, let us set the complex magnetic constants to 0:^ 

m" = . (5.48) 

Let us furthermore parametrize the real Fayet-Iliopoulos constants S,a and the complex 
electric constants Ca in terms of a triplet of real constants P^: 

Pi = 2Re(e,), Pf = 2Im(e,), p! = ^^a ■ (5.49) 

It is quite common to introduce also a similar notation for the non-Abelian part of the 
Killing potential, which is however not a constant but a real function of the scalar fields, 
and behaves as a singlet: 

P° = -ii^„. (5.50) 



^For the inclusion of magnetic gaugings, see [45, 46, 47]. 
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The statement is then that in supergravity the triplet of constants P^ must satisfy a 
non-trivial equivariance condition, and are thus constrained. More precisely, there is a 
non-trivial effect coming from an SU{2) curvature, which is of order Mp and is thus 
a genuine supergravity effect. For Abelian factors, however, this is the only term that 
arises, and one then obtains a constraint that is independent of Mp and survives in the 
rigid limit. This constraint on A^ = 2 theories is the analogue of the constraint on A^ = 1 
theories that the Fayet-Iliopoulos term can arise only under the very special circumstance 
that it is associated to a gauged U{1)r symmetry, and it reads 

^xyzpypz ^ Q ^ ^5 5^) 

This means that when interpreted as trivectors, the P^ for the various values of a must 
all be parallel. The general solution to this equivariance condition is then parametrized 
in terms of a single trivector P^, whose direction defines a definite U{1)r subgroup of 
SU{2)ji, and some real coefficients pa- 

P:=PaP'-'. (5.52) 

Notice that in terms of the original coefficients, this restriction implies that besides having 
the ^a real, one needs also the Ca to have all the same phase z. We shall here allow for non- 
zero ^a, contrarily to what we did in the A^ = 1 case, since as soon as P^ is not zero, we 
are in the peculiar situation where a U{1)r symmetry is gauged when gravity is switched 
on. From now on, we will then restrict to theories of this type, admitting a consistent 
coupling to gravity, whereas we shall discard to other more peculiar possibility of gauging 
the whole SU{2)ji. In this situation, the superpotential takes the form W = V2 z\ea\L^ 
and as a result it satisfies the following relation, descending from (5.23): 

ViWj = iz'^CijkW^ . (5.53) 

Notice finally that one can reshuffle the scalar potential (5.34) as follows. For the 
F-term part, we get 2h"'^eaeb = ^h"'^{P^Pi^ + P^P^). For the D-term part, three types 
of terms arise. First, we see from (5.28) that ^h'^^KaKi, = yiyXiL"" X^ L'' = \h''^Pl^P^. 
Next, Ih^^iaib = ^h'^^PlP^. Finally, from the second of (5.27) and the fact that ia is 
non-vanishing only for Abelian factors, it follows that jh°'^Ka^b = 0- The scalar potential 
can then be rewritten in the following form, which reproduces that of [14, 15]: 

Vs = \g,jXlL-XlL' + \h^'P-,PS 

= \h-\P^^P^ + P:PS). (5.54) 

5.1 Supertrace 

At a generic point in the scalar field space and for vanishing fermions and vector fields, 
the auxiliary fields simplify to 



r = -V2rea, (5.55) 
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D- = -]-h-\Kb+ib). (5.56) 



The corresponding hatted quantities similarly simplify to 

F^ = -^faiD'^ + h'^'K,) = -^r{Ka- e.) = Fl + F; , (5.57) 

D^ = -V2i f.^F' = 2i r^'efe . (5.58) 

The mass matrix of the scalar fields is given by 

i^lh = -Rm (2 F^f + f^flD'^D') + h'^'X^Aj 
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+ - {V^XaJ - 2h^^hauX,j) D" + h.c. , (5.59) 



+ 2ih'''hab(,X,j-,D'' + rf.Vsfe , (5.60) 

The mass matrix of the fermions reads instead 

{mi/2)ij = -iz^Cijk F^ , (5.61) 

{m,/2)ab = -iCijkfaH F'' , (5-62) 

(mi/2)„ = V2Xa^ - ^a.kfift D" . (5.63) 

Finally, the mass matrix of the vectors is 

{ml)ab = 2Xi^Xh^i. (5.64) 

A straightforward computation gives 

tr[m2] = 2 % (2 F'F^ + fUlD'^D'') + 2 h''''Xa^Xl - Ai h'^hauXlD'' + h.c. (5.65) 
tr[m2/2] = Rij (2 F'F^ + flflD'^D') + 4 h'^'^XaiXl - 2i h'^'hciX^D^ + h.c. , (5.66) 
tr[ml] = 2h''''Xa^Xl. (5.67) 

It follows that the supertrace of the mass matrix vanishes [13]: 

str[?Tt ] = tr[r7T,g] — 2tr[r7T,-|^/2] +3tr[r7T,^] 

= 0. (5.68) 

This result also follows directly from (3.31) and the properties that the Christoffel sym- 
bols are related to the derivative of the gauge kinetic function, the Ricci tensor to the 
contraction between two of these, and finally that the trace of the charge matrix satisfies 
the property (5.31). 

5.2 Metastability 

The possible vacua of the theory correspond to points in the scalar manifold that satisfy 
the stationarity condition Vsi = 0, which implies 

-'-Q,k{2z^F^F'' + n/tD-D') + iXa,D- = (5.69) 
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The relation (3.33) between the values of the -P* and D" auxiliary fields can be simplified 
a bit by using the fact that faFi vanishes for non-Abelian generators. One finds 

iX%,k ftljF'F^ - XIX,,, D' + Ifjkdc D'D' = . (5.70) 

On the vacuum, one has (5V'* = V^eF\ SX"" = ieD"-, Sip^ = v^eF*, SX"- = ieD"-, and 
the first and second supersymmetries are spontaneously broken respectively if some of the 
auxiliary fields F*, D^ or some of the F^, D"" are non- vanishing. The order parameters 
are given by the norms of the two vectors built out of these two sets of quantities. Since 
F'^Fi = 2-D"Da and ^D'^Da = F^Fi, these two norms actually coincide and define again in 
two equivalent ways, emphasizing the two supersymmetries, the scalar potential energy: 
Vg = F^Fi + ^W^Da = F^Fi + ^D°'Da- In such a situation, there are then two massless 
Goldstini, associated to the two independent supersymmetries and given by: 

f] = v^Fiil^' + iDaX" , fi = V2Fi^' + iDaX\ (5.71) 

In fact, one can verify that the stationarity condition and the gauge invariance of the 
superpotential imply that these are always flat directions of the fermion mass matrix: 

rrir] = , nifi = . (5-72) 

In the situation under consideration, the two supersymmetries can only be broken simul- 
taneously.^ The sGoldstini are in this case linear combinations of scalars and vectors, but 
the relevant thing to look at is the projection along the scalar field space. One then gets 
four independent real linear combinations, corresponding to the projection of the complex 
Goldstino vectors r/* = v^F* and ?}* = \J2F^: 

if+ = Fi(t)' + F,^\ if. = iFicP' - iF,4>\ (5.73) 

0+ = FicP' + F,4>\ if. = iFicP' - iF,4>\ (5.74) 

The masses of these four scalar modes can now be computed by evaluating the scalar 
mass matrix along the directions (p^ = (F^-F*), (pL = {iF^,—iF^), (p^ = {F^,F^) and 
0_ = {iF^, —iF^), and dividing by the length of these vectors, which is 2F*Fj for the first 
two and 2F*Fj for the last two, with F*Fj ^ F'^F,. Notice however that F* and F* are in 
general not orthogonal, and do thus not necessarily lead to two independent informations. 
More precisely, one has F^ = F''i + F*, where F[ is non- vanishing only in the non-Abelian 
case and orthogonal to F*, whereas F? is non- vanishing whenever there are N = 1 Fayet- 
Iliopoulos terms for some Abelian factors and is parallel to F* whenever the alignment 
condition on the N = 2 Fayet-Iliopoulos terms is satisfied. 

Viewing the theory as an A^ = 1 theory with F and D breaking, the first pair of masses 
is given by eq. (3.37), with R, S, T and M^ given by eqs (3.38), (3.39), (3.40) and (3.41). 



^The result (5.72) actually holds true even in more general situations where the Fayet-Iliopoulos terms 
are not aligned and magnetic superpotentials are considered. In such a situation, partial supersymmetry 
breaking is known to be possible [48] (see also [49, 50]). But in that case F* and F' turn out to be parallel 
on the vacuum, and there is thus only one independent massless Goldstino. In models compatible with 
gravity, on the other hand, partial supersymmetry breaking requires also the presence of hyper multiplets, 
whose presence can modify the alignment consistency condition [51, 52]. 
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But the constraints imposed by the fact that the geometry is Special-Kahler do in this case 
substantially simplify both the stationarity condition and the form of the curvatures, and 
there emerges a relation between the quantities R, S, T and M^ evaluated at a stationary 
point. This relations can be derived by solving for CijkF^ F in the stationarity condition 
(5.69) and taking its square norm. One then sees that the mixed terms drop out thanks 
to the properties implied by gauge invariance on the prepotential, and one deduces that 

flf.F. = iT<^31! + iM^53. (5,75) 

Coming back to the N = 2 picture, one may compute more explicitly all the four 
masses and simplify them by using the stationarity condition. To emphasize the important 
aspects of the results, we shall study separately the Abelian and non-Abelian cases. 

Abelian case 

Consider first Abelian gauge groups. In this case AT* = and Ka = 0. One then has 
F^ = -ytiP'a + iPl) and F, = j^f^P^, so that F^F, = \h'^\PlPl + P^P^) and 
F^Fi = \h''''P^P^. 

For simplicity, let us first study the situation where all the parallel Fayet-Iliopoulos 
parameters are rotated in the plane where ea 7^ but ^a = 0. This implies that F* 7^ 
but F* = 0. As a consequence, only the first pair of sGoldstino directions is well defined, 
whereas the second pair is not. The first two sGoldstino masses are easily found to be 
given by: 

ml^=RF'Fi±^. (5.76) 

In this expression, the quantity R originates from the contribution from the Hermitian 
block (w,g)ij of the mass matrix, whereas A encodes the contribution coming from the 
off-diagonal block {rn'Q)ij. The former corresponds to a sectional curvature: 

It then follows that 

Tfil^\{m%^-rm%_)=RF'Fi. (5.78) 

This result represents the informations associated to the first super symmetry, to which a 
non-degenerate sGoldstino can be associated. 

At this point, a sharp simplification does however occur when taking into account the 
form (5.22) implied for the Riemann tensor by the fact that the geometry is not only 
Kahler but actually Special-Kahler. Indeed, we see that at a stationary point satisfying 
the stationarity condition Cij^F^F = 0, the sectional curvature R actually vanishes. This 
corresponds to eq. (5.75) applied to the present case: 

R = 0. (5.79) 

The two sGoldstino masses then simplify to 

ml^ = ±A . (5.80) 
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It finally follows that 

ml = 0. (5.81) 

Let us now consider the more general situation where Ca ^ and ^a 7^ 0, where F* 7^ 
and -F* 7^ 0. In this more general situation, both pairs of sGoldstini are well defined. 
However, we do not expect to get any additional information, since all the ^a can be set 
to zero by an overall SU{2) transformation, and we known that Vs is SU{2) invariant. 
Nevertheless, it is instructive to see how it works in this case. The four sGoldstino masses 
are found to be of the following form: 



m 



v± 



2RF'Fi + 2R' F'Fi±A, (5.82) 

ml^ = 2RF'Fi + 2R' F'Fi±A. (5.83) 

In these expressions, the quantities R, R' and R originate from the Hermitian block 
("^o)*J '-'^ ^^^ mass matrix, whereas A and A encode the contributions coming from the 
off-diagonal blocks (?tt,q)jj. As usual, only the former have simple expressions, which are 

R = -fhlllli£^±j_ ^ (5.84) 



(F'^Fk, 



R' = - ^^"" . , (5.85) 

(F^Ffc)(F'FO 

i? = - ^^^'"" ■ (5.86) 

Note that compared to the treatment of A^ = 1 theories with F and D breaking of section 
3, the quantities R, R' and R introduced here correspond to the quantities R, S and T, 
whereas F^Fi and F^Fi correspond to F'^Fi and ■^D'^Da- Using the relation (5.75), we 
then see that the terms RF^Fi, SD'^Da and T (D^Daf/i-iF^Fi) in eq. (3.37) become 
respectively RF^Fi, 2R'F^Fi and RF^Fi, and there is some simplification in the masses 
of the first pair of sGoldstini, whereas the mass of the new second pair of sGoldstini takes 
a similar expression with hatted and unhatted quantities exchanged. For the average of 
each pair of masses, one finds 

ml^l {ml^ + ml_)=2RF'F, + 2R! Pf, , (5.87) 

m| = i (m|^ + ml_)=2RF'F, + 2R' F^Fi . (5.88) 

These results represent the informations associated to the two super symmetries. In the 
case of aligned Fayet-Iliopoulos terms, however, these two expressions should coincide 
and represent the same information, since -F* and F* are proportional to each other: 
F' = iz{pz/^/pi+phF\ 

The crucial simplification comes again from the form (5.22) of the Riemann tensor in 
Special-Kahler geometry. First, the stationarity condition reads CijkF^ F^ = z?CijkF^ F^ 
and leads to a relation between R and R, which is just eq. (5.75) applied to the present 
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case. In addition, the alignment condition implies that F^F^ = —z^F^F^ and leads to a 
relation between R' and R or R. The two relations are: 

R{F'Fif = R{PFif = -R'{F'Fi){F'Fi) . (5.89) 

The expressions for the four sGoldstino masses then simplify to 

ml^ = ±A , (5.90) 

m|^=±A. (5.91) 

It finally follows that 

ml = 0, (5.92) 

m| = 0. (5.93) 

As expected, these two results coincide and it is clear that they represent the same in- 
formation, since they are defined out of the two complex directions F^ and F^, which are 
parallel. There is thus really only one 5C/(2)-invariant information, stating that: 

"^'i„v = 0. (5.94) 

The above result represents the rigid limit of the result obtained in [9] for the super- 
gravity case (see also [10] for a derivation of the same result in the language of [15]). The 
cosmological constant reads Vs = F^Fi + ^W^Da — Sm'^i^Mp and the average sGoldstino 
mass is 

m2 j„^ = -2Mp\F'F, + \D''Da) + Gm^/^ . (5.95) 

Again, we see that the main feature of this result, namely the fact that it is independent 
of the curvature, is also captured in the rigid limit, in which 7723/2 — > and Mp — t- od. 
Gravitational effects influence only quantitatively the result, making it negative instead 
of zero in the case of positive cosmological constant. 

Non-Abelian case 

Consider next non-Abelian gauge groups. In this case X\ 7^ and Ka 7^ 0. Then 
F^ = -^jnPa + ^Pa) and F, = ^/f (P3 + pO)^ g„ ti^^t F^F, = \h-\PlPl + PlP^) and 

rF = \h'^\PlP! + P^P^). 

As before, let us consider first the case where all the parallel Fayet-Iliopoulos terms 
are in the plane corresponding to Ca 7^ and ^a = 0. One then has F* 7^ and -F* 7^ 0, 
but whereas the first is truly generic the second is in fact related to the Killing vectors, 
F^ = — -^X*L", and this brings up some substantial simplifications. In such a situation, all 
the four sGoldstini are well defined and their masses are found to be given by the following 
expressions, after using the stationarity conditions and all the relations descending from 
gauge invariance: 

ml^=2RF'Fi + 2R'F'Fi + M^^-^±A, (5.96) 



FJF. 
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In these expressions, the quantities R, R' and M^ emerge from the contribution of the 
diagonal block {mQ)ij of the mass matrix, whereas A encodes the contribution from the 
off-diagonal block {m^)ij. The quantities R, R' and M^, together with the quantity R 
introduced for later use, are given by: 

R- ^^Fpy2 ' (5-98) 

p.- _ Vipjpmpn 

R' = - ^^^"^" . , (5.99) 

^ ^ _K^jrr^^n£_t_t_t_ ^ (5.100) 

{F^hr 

^,^2X^X^^flflF^_ (5.101) 

PFi 

Note that compared to the treatment of A'^ = 1 theories with F and D breaking of section 
3, the quantities R, R' , R and M^ correspond to the quantities R, S, T and M^, whereas 
F^Fi and -F*Fj correspond to F*Fj and ^D"'Da. Using the relation (5.75), we then see that 
the terms RF'Fi, SD'^Da, T {D^'Daf /(iF'Fi) and M'^D'^Da/F'Fi in eq. (3.37) become 
respectively RF'Fi, 2R'F^Fi, RF^Fi - M^F'Fi/F^Fj and 2M^F'Fi/F^ Fj, and there is 
some simplification in the masses of the first pair of sGoldstini. Concerning the second 
pair of sGoldstini, we now observe that they can actually be identified with particular 
real linear combinations of the would-be Goldstone modes 0"^ = Xai4>'^ + Xaj4>^, and their 
conjugates pa = iXai4>^ — iXaj(p^. Indeed, since L^Xl = and L^Xi = —y/2F\ one has 
(^+ = —\/2Re L"-aa = —\/2lm.L"'pa and (^_ = — VSReL^pa = \/2lm L^Ua. We moreover 
see that due to the fact that X^^L"" = 0, we are in the situation where, as explained at 
the end of section 3, the Goldstone modes in the directions ReL" and ImL" are linearly 
related to their conjugates in these directions. As a result, both c^+ and (p- correspond to 
unphysical would-be Goldstone modes 0"+ and a- . This explains why they have vanishing 
masses, and also tells us that this information should be discarded. Taking the average of 
the first pair of sGoldstino masses, one is finally left with the following information: 

ml^^{ml^ + ml_)=2RF'F, + 2R'F'Fi + M^^. (5.102) 

Once again, the special form (5.22) taken by the Riemann tensor implies some relations 
among the quantities R, R', R and M^. More precisely, the stationarity condition implies 
that CijkF^F^ = z^CijkF^F^ + V2iz'^XaifjF^ and leads to a relation between R, R and 
M^, which is just eq. (5.75) applied to the present case: 

R {F'Fif = R {F'Fif + M^F'Fi . (5.103) 

The expressions of the masses of the first pair of sGoldstini can then be recast in the 
following form: 



!,,„ . — z, 11 ±- 1',' -r ^ It r-^ h 3 Aa — r^ 



m'=2R' F'Fi + 2R ^ . -' +3M^^^±A. (5.104) 
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This finally yields: 

ml^\{ml^ + ml_)=2R'rh + 2R^-^^ + ?>M^^. (5.105) 

This result corresponds to the information related to the first super symmetry. We have 
seen that it can be obtained by simplifying the corresponding expression obtained in 
section 3 for N = 1 theories with F and D breaking. There is instead no useful information 
related to the second supersymmetry, because the corresponding sGoldstini coincide with 
unphysical would-be Goldstone modes. Notice that in the limiting situations where F* 7^ 
but F* = 0, the above positive-definite result for the average masses goes to zero. One is 
then back to a situation that is similar to the one arising in the Abelian case. 

As before, one may now consider the more general situation with e^ 7^ and ^a 7^ 0, 
where -F* 7^ and -F* 7^ 0. As for the Abelian case, we do not expect to get any new 
information with this generalization, because all the E,a can be set to zero through an 
overall SU{2) transformation, provided the N = 2 Fayet-Iliopoulos terms are aligned. It 
is nevertheless instructive to work out the results also in this more general situation. In 
this case, we shall however not redo a detailed comparison with the A^ = 1 perspective, and 
rather work out the results in a manifestly SU{2) invariant way, in order to gain insight 
on how the information behaves under SU{2). Using the notation (5.49) and (5.50), the 
four sGoldstino masses are found to be given by: 

/ paO p0\2 paO pO 

ml^=n'P'^'P'^+n^-^^ + 3M'^±A, (5.106) 

pa3 p3 



where 



P _ -fiflfP ft TDax jybx pcO pdO 

[p^ypDiPf^pf 



p _ _fifJfP f<l paO p60 pcO pdO 
-73 _ ^VPqJaJb-lcJd J^ r r r 

'^- {P^^Pff ' ^^ ^ 

1 yi- Y paO pbO 

We see that (5.106) is simply the SU{2) invariant completion of (5.104), and therefore 
represents the correct generalization of the information. On the other hand, (5.107) is not 
SU{2) invariant and does not represent any additional information. The reason is that 
when ^a 7^ 0, the two directions F^ and F^ are no-longer orthogonal. The most appropriate 
way to proceed is then to subtract from F^ its projection F,* along F*, and look at the 
direction F^. But this direction is nothing but the complex would-be Goldstone direction 
X*L", corresponding to the unphysical modes 0"+ = — \/2ReL"(Ta = —V^Im L°'Pa and 
(T_ = — -\/2ReL"/3a = y/2liQL"'aa, which lead to vanishing masses. This shows that 
(5.107) represents in fact the same information as (5.106), but diluted along an unphysical 
direction. So once again the only useful information comes from the first pair of sGoldstini, 
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and reads: 



1 /'pa0p0\2 paOpO 

il = l(ml +ml )=7^^P"OpO+7^ ^ , "^ +3M^^-j-^ 

ip 2 V ¥'+ ' <f-J a pbxpx pbxpx 



One may wonder whether it is possible to get this S'f^(2)-invariant information in a 
more transparent way, by somehow reorganizing the four sGoldstini according to their 
SU{2) transformation properties, as in the case of the hyper multiplets. To answer this 
question, notice first that in this case, contrarily to the case involving only hypers, the 
Lagrangian is not S'C/(2)-invariant, unless one promotes the Fayet-Iliopoulos constants P^ 
to triplet spurious. The transformation properties of the sGoldstini are then determined 
by the dependence of the Goldstino directions on the singlets P^ and the triplets P^. 
Notice in this respect that we have defined the two Goldstino directions in terms of 
pt ^ P"-(P^ - iP^) and F* oc /^""{Pa + Pa)- But one could have equivalently used also 
the other two quantities fiD"" oc f ''(P° - P^) and /^Z)" oc f "(P„^ + iP^); these would 
have given the same information in the above analysis, as a consequence of the alignment 
of the triplets P^ and the relation of the singlets P^ to would-be Goldstone modes. Then, 
considering all these four complex directions on equal footing one might equally well switch 
to the linear combinations P"'Pa and P"'P^, which are clearly a singlet and a triplet of 
SU{2). Notice however that due to the alignment condition P^ = PaP^, the latter three 
vectors differ only by their normalization, and define thus the same direction. In this way 
one recovers just two independent complex directions, which are both SU{2) invariant, 
and the masses of the corresponding pairs of real sGoldstini are respectively given by OitO 
and 771^ lb A, with ?7i^ given by eq. (5.111). 

The above result is new. It shows that the situation improves when generalizing the 
gauging from Abelian to non-Abelian. Tachyons do no longer necessarily appear, because 
those states that were giving rise to them in the Abelian case receive an additional positive 
definite contribution to their mass in the non-Abelian case. Note however that when 
P^ = one gets P^ = at stationary points, by the reasoning after (3.33). It is thus 
necessary to switch on at least some of the P^ to achieve met ast ability. Another case 
where the result (5.111) vanishes identically is when the prepotential is quadratic, since 
in that case TZ' and 7Z vanish due to the vanishing of the curvature and M'^ vanishes due 
to eq. (5.70) contracted with Z?" and the constancy of the gauge kinetic function. This 
is compatible with what happens in the rigid limit of the examples constructed in [10], 
where for Mp — )■ oo the geometry becomes flat and the scalar masses tend to zero. 

We expect that to obtain the generalization of this result to supergravity, one should 
proceed exactly along the same lines and compute the average mass of the first pair of 
sGoldstini. But as usual, the supergravity result can differ from the rigid one derived 
here only by quantitative effects, suppressed by inverse powers of the Planck scale. One 
should then be left with some freedom to keep the value of the average mass positive 
also in the presence of gravity. Concerning the second pair of sGoldstini, we believe that 
they are again associated to two would-be Goldstone modes, and do therefore not yield 
any further information. Indeed, the relevant direction in group space is changed from 
L" to L , with A = 0,a and involves now also the graviphoton direction, but the crucial 
property X^L^ = simply generalizes to X\L =0. As a result, it remains true also 
in supergravity that these two modes are both massless but unphysical. We have verified 
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this statement in the explicit examples constructed in [10], where there is always a pair 
of would-be Goldstone modes forming a complex scalar field. 

In this case too it is unclear to what extent the necessary condition for metastability 
could be made sufficient by allowing a tuning. Indeed, for a given geometry associated to 
K the only things one may change are the Killing potentials defining the gauge symmetries. 
But these are not arbitrary functions, and can therefore be adjusted only in a limited way. 

6 N=2 models with hyper and vector multiplets 

Let us finally consider the most general case of A^ = 2 theories with n-^ hyper multiplets 
T-L and ny vector multiplets V". This is a particular case of A^ = 1 theory containing 
uq = 2n-^ +ny chiral multiplets Q" and <I>* plus ny = ny vector multiplets V^. The most 
general two-derivative Lagrangian is specified by a real Kahler potential -fC, a holomorphic 
superpotential W , a holomorphic gauge kinetic function /^f,, some triholomorphic and 
holomorphic Killing vectors X^ and X*, and some real Fayet-Iliopoulos constants ^a, all 
subject to strong restrictions required for the existence of a second super symmetry. We 
shall not derive in full detail these restrictions, because they emerge essentially in the 
same way as in the cases involving only hyper and vector multiplets, discussed in sections 
4 and 5. Moreover we shall restrict from the beginning to theories where the superpotential 
involves only an electric term and no magnetic term. In A^ = 1 superspace, the Lagrangian 
is then found to take the following form: 

C = j(f9 [K^'iQ, Q, V) + K^{^, $, V) + ^aV"] (6.1) 

jd^e [sP{Q) + V2eaL''{^) + ^/2iP,(Q)L'^($) - 1 M„fe($) W^"VF^" 



+ 



-Fh.c. 



Besides the normal coupling between hyper and vector multiplets, which involves the real 
Killing potentials —^K^ associated to the Killing vectors X^, there is also an additional 
coupling which involves the holomorphic Killing potentials Pa admitted by the X^ due to 
the fact that they are triholomorphic. These extra couplings are required by the second 
super symmetry, and generalize the well-known couplings arising already in the minimal 
theory based on a flat geometry between the pair of chiral multiplets forming each hyper 
multiplet and the adjoint scalar contained in each vector multiplet. The self-interaction 
of hyper multiplets, which represents the generalization of the hyper multiplet mass terms 
in the flat case, are again described by a triholomorphic Killing vector X^ = \/2is XqL^, 
and the associated holomorphic Killing potential P = y/2is PqL^. 

The above Lagrangian is invariant under a second supersymmetry, which acts on the 
A^ = 1 superfields in the following way: 

5Q" = -^n'''"D^[{K,{Q,Q) + 2iXav{Q,QW + 0{V^)){ee + 19)] 

- 2i [(s + s) X"(Q) + V2i X^iQ, Q)L%^)] eO , (6.2) 

6^' = V2ifi{'^)iW'' , (6.3) 

SV = -V2i{L''{^) - i/b,"L^(^)y' + 0{V^))ee + h.c. . (6.4) 
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The full N = 2 super symmetry algebra closes only on-shell, by using the equations of 
motion of the superfields Q^ describing the hyper multiplets, and there is a central charged 
acting on the latter: 

4Q" = aX"(Q) , (6.5) 

(5c$' = 0, (6.6) 

41^" = 0. (6.7) 

One may again use alternative forms of the supersymmetry transformations, which 
are equivalent on-shell for the Q". For instance, one may add to (6.2) the trivial trans- 
formation dtQ"" = ^n'''"[D^iK^ + 2iXavV'' + Oiy"^)) - AsP^ - AV2iPavL'']ee, which is a 
symmetry of the on-shell theory since the parenthesis is proportional to the equations of 
motion of Q". This gives JQ" = -iO™£>2[(^^ _^ 2iXavV"' + 0{V^))ie] - 2isX'^ee. 

The gauge transformations are defined by the triholomorphic Killing vector X^ for 
Q", and take the same fixed form as before for <1>* and V^, corresponding to the adjoint 
representation: 

6,Q^ = A-X:, (6.8) 

S,^' = fah,^A''L'^, (6.9) 

5gF" = -1(A" - A'^) + i/b,"(A'' + A^W + 0{V^) . (6.10) 

The Killing vectors are related to the Killing potentials in the usual way, both in the 
hyper and in the vector multiplet sectors: 

X:,= '-g^3VjK^, X:='-g-''V,K^. (6.11) 

The equivariance conditions following from the fact that these Killing vectors AT* and X^ 
are holomorphic take the usual form: 

aij^la^h] = -^fah^c ; 9uvX^a^]^] = -^fab^^c ■ (6.12) 

In addition, there is an other equivariance condition emerging in the hyper multiplet 
sector, due to the fact that X^ is actually triholomorphic. More precisely, exploiting the 
fact that it is also holomorphic with respect to the two extra complex structures yields 
the following extra complex condition, involving the holomorphic Killing potential Pc- 

nu,XlXl=if^,-P,. (6.13) 

We see that this condition is actually crucial to guarantee the gauge invariance of the term 
in the superpotential that mixes hyper and vector multiplets. Finally, global central charge 
invariance of the minimal gauge coupling KaV"" and gauge invariance of the superpotential 
P = y/2isPQL^ for hyper multiplets impose two further constraints, one real and one 
complex, which read: 

guvXlXl=Q, ^uvX^Xl = Q. (6.14) 

These conditions ensure the compatibility between the local gauge symmetry and the 
global central charge symmetry, which are independent. 

38 



In the Wess-Zumino gauge, the action can be expanded at quadratic order in the vector 
superfields and simphfies to the fohowing expression: 



C 



d^e 



+ d 






^^P{Q) + ^{iPa{Q) + ea)L''m-\Mak{^)W''''Wl +h.c.. (6.15) 



We see now that much as the real constants ^a correspond to the ambiguity in the real 
Killing potentials K^ , the complex constants e^ correspond to the ambiguity in the holo- 
morphic Killing potentials P^, for Abelian factors. Moreover, one may now verify more 
explicitly the invariance of the couplings between hyper and vector multiplets, by keeping 
terms with up to one vector multiplet in eqs. (6.2)-(6.4). In components, one finds: 



C 



-9' 



D.q^D^f - g^.D.cpW^^- - hat ^1^'^" + Wb KuF'^" 






"V2 



C^,kfif^ AV^'^^F^, + h.c. -Vs-V^, 



-/i„feA"^A^ + h.c. 
(6.16) 



where: 



v. = -^ 



Vs = guv{sX^+ V2iXlL''){sX^- V2iX:L'') + 2h''\Pa - ica) (n + ieb) 

+\ h^\K^+ Kl+ ia){K^+ <+ 6) , (6.17) 

-V2C,,kf''{{Pa - iea) V'V^' - {Pa + ^ej/^/;? A^A^) 

+ h.c. 
1 



1 



+ ^s{Xa^ + -^C,,kfiP'\K^ + <+ 6)) V^^A« 



_1 

~4 
1 

+ 4 



-^Ru,six''x'rx'--^R^ju{i^'i^''i^'i''+flfbfifd^^ 



(iV.C.M + 2C,fc„C,to/rr^)/,V6V'VA'^A' 



+ C,kmC,lnfTrfafi V'*A>U^ 



+ h.c. 



(6.18) 



To determine the first supersymmetry transformation laws in components, one has 
as usual to take into account the need for a compensating gauge transformation to stay 
in the Wess-Zumino gauge, with parameter A" = 2i9a^eA't + 2^^eA". The additional 
gauge transformation turns the ordinary derivatives appearing in 5x^ and 5'ijj'^ into gauge- 
covariant derivatives, and one finds 



5(7" = V26x", 

5il^' = V2eF' + V2ip4>'e, 



<5A" = ieZ)" + cj'^'^eF;^, 



(6.19) 
(6.20) 
(6.21) 
(6.22) 
(6.23) 
(6.24) 
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The auxiliary fields -F", F* and Z?" are given by 

F« = in\isX'^-iV2X:Ln + ir« x'x' , (6.25) 

F^ = V2^ r{Pa + i-ea) + ]f'^n V'™^" + \&^JfK A"A^ , (6.26) 

^a ^ _ l/,a6(^/f ^ ^y ^ ^^) _ _1_ Q^.^/.a^fc ^.yl> ^ ^_^_ (g 27) 

To determine the second super symmetry transformation laws, one has to similarly supple- 
ment the transformations (6.2)-(6.4) with a compensating gauge transformation to stay 
in the Wess-Zumino gauge, with parameter A" = —\f%deL°' — 26'^f^eip'^. The additional 
gauge transformation shifts the F^ auxiliary field appearing in 6x^ by —^/2iP^L^ and the 
Z?" auxiliary field appearing in j^* by h'^^K),, and one finds 

6q^ = -V2n%ix\ (6.28) 

<5x" = %/2eF« + V2r^,n% irx' + V2in%]pfE, (6.29) 

5ct>' = V2ef:X\ (6.30) 

5^* = V2eF^ + V2d,f:i;\eXn + a^^ef^F^, , (6.31) 

M^ = -^eaJ^^|^' + ^ftiJ'a^i, (6.32) 

<5A" = ieI>« + y2z/f^(/.^l. (6.33) 

The quantities -F", F* and D" are found to be given by 

F" = n%(F^+ (s + s)P" + \/2i(L'^-Z'^)Pf- lr^jx¥) = -^sX''-V2X^Z^(6.34) 

F^ = -^faiD'' + /^"'O = ^r «- ^f - ^a) + ferm. , (6.35) 

W = -V2i {f-^F' - i d^f^i^W) = -2 /i"^(Pf, - iet,) + ferm. . (6.36) 

The extension to supergravity can be found in [34, 35, 14, 15]. It turns again out that 
models of the above type can be consistently coupled to gravity only if the coefficients 
of the Fayet-Iliopoulos terms and the part of the superpotential linear in the sections 
satisfy some restrictions. The main new feature is that there appears a non-trivial SU{2) 
bundle over the hyper multiplet scalar manifold and a non-trivial U{1) bundle over the 
vector multiplet scalar manifold, with curvatures proportional to Mp , and the full scalar 
manifold becomes the product of a Quaternionic-Kahler manifold and a Special-Kahler- 
Hodge manifold. To spell out more precisely the restrictions that need to be imposed on 
the N = 2 Fayet-Iliopoulos terms, we proceed as before and relabel the various Killing 
potentials in a more appropriate way, by defining a triplet of new potentials P^ as follows: 

P^ = -2lm{Pa- iea) , P^ = 2Re{Pa- iea) , p! = 1{K^ + Q , (6.37) 

One may also introduce as before the notation 

^° = -^<- (6.38) 

The triplet of functions Pj^ must satisfy a non-trivial equivariance condition, and are thus 
constrained. As before, there is a non-trivial effect coming from the curvature of the 
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SU{2), which is of order Mp and is thus a genuine supergravity effect. For Abehan 
factors under which no hyper multiplet is charged, however, this is the only term that 
arises, and one then obtains a constraint that is independent of Mp , and survives thus 
in the rigid hmit. This constraint takes the form (5.51), whose solution is (5.52). For 
non-Abelian factors, on the other hand, the gravitational deformation of the equivariance 
condition is smooth and can be safely discarded in the rigid limit. One is then left with 
the equivariance conditions (6.12)-(6.14). Notice finally that the superpotential does no 
longer display the special property (5.53), because it now involves also the non-Abelian 
sections. 

Notice finally that it is possible to reshuffle the scalar potential (6.17) by proceeding in 
the following way, with manipulations that are similar to those used in [53, 54] to discuss 
truncations of A^ = 2 to A^ = 1 supergravity theories. From now on we set again s = i 
for simplicity. For the F-term part from the hyper multiplets, we start by rewriting it as 
2guvX'^X^L'^L^ , with a new index A = 0,a comprising both the Killing vector defining 
the central charge global symmetry and the Killing vectors defining the gauge symmetry. 
Since this ranges over at least two values, both the symmetric and the antisymmetric parts 
oi guvX'^X^ contribute. For the symmetric part, we may proceed as in the case with only 
hypers, and switch to general real coordinates by rewriting guvX^^X^ = ^guyX^X^, 
which gives 2guvX^^X'^.L L = guyX^X^L L . For the antisymmetric part, the 
equivariance relations (6.12) and (6.14) imply guvX^X^, = f/^^'^i^,? and guvX^I^X^^ = 0, 
and therefore 25™Xj^A|,L^Z^ = y^^^K^L'^L^ = -{h^'^KYK^. Putting everything 
together, we see that the F-term part coming from the hyper multiplets finally gives 
IguvX'XXl^L^L^ = guvX^XYiL^L^ - \h"-''K'^ K^^ . For the F-term part of the vectors, 
we get instead 2/i"^ {Pa - iea){Pb + ieb) = ^h''''{P^P^ + P^P^). Finally for the D-term 
part it is convenient to consider separately the three types of terms that arise respectively 
from hyper multiplets, from vector multiplets and from their interference. For the vector 
multiplet part, we have as before I^'^K'^K^ = y^jXil'' X^ L'' = ^h^^P^P^. For the 
hyper multiplet part, we get |/i"^(i^^+^a)(ir^^+^b) = ^h"-'' Pj^ Pj^ . Finally, for the mixed 
part we get \h°-^ K"^ {K^ + S,h) = {h^^K^K^. Collecting the above results for the three 
terms in (6.17), we see that the interference terms involving h K^ K^ cancel out, and 
the scalar potential can finally be rewritten in the following form: 

^s = guvX'iL^X^L'' + y^jX^L-XbL' + \h'^''P^PS 

= guvXTL^XlL^ + h^'iP^P^ + P^P,^) . (6.39) 

Notice also that the equivariance conditions (6.12)-(6.14) can be rewritten in the following 
more compact form: 

WijXl^Xl^ = -fahPc ■, Juv^iaXb] = IabPc ■ (6.40) 

Here f\^ denote the structure constants of the group G x U{1) defined by the gauge 
group G and the U{1) central charge symmetry, such that f^^^ are the structure constants 
of the gauge group and f^^ = fab ~ ^- This rewriting reflects once again the fact that 
the superpotential for the hyper multiplets comes in supergravity from a gauging of the 
central charge by the graviphoton A^ , which is then treated on equal footing with the 
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other gauge fields A". It also shows that in order for the graviphoton gauging to leave a 
remnant in the rigid limit, it must be associated to a factorized ^(1). 

6.1 Supertrace 

At a generic point in the scalar field space and for vanishing fermions and vector fields, 
the auxiliary fields simplify to 

F" = V2f)"^X^L^, (6.41) 

F* = ^/2i/»(P, + .eJ, (6.42) 

D- = -V(i^f+<+C6)- (6.43) 

The corresponding hatted quantities similarly simplify to 

F" = n%{F'' + V2i{L^-L^)Pl) = -y/2X\L^ , (6.44) 

F^ = ^f,{D^ + h^'K^) = ^r{K^- K^-Ca) , (6.45) 

D^ = -V2i f-^F' = -2 h''''{Pb - icb) . (6.46) 

The mass matrix of the scalar fields is given by 

ilTT'OJuv = 2 VuX^L VjjXbwL + 2 Q.us^vt^"' -^a-^b 

- RuvstF'F' + h'^^XauXbv + ^V„X„,Z)« + h.c. , (6.47) 

+ h'^^XaiXbj + '- {ViXaj - 2h^'hauXcj) D'' + h.c. , (6.48) 

{mlU = 2VuXa,L^X^-^ - V2in^,X',C,f,rft^F' 

+ h'^'XauXb, + ih'''habTX,uD'' , (6.49) 

("Io)md = ~'^ ^usviXaL X^L + v2$7„sVt,X^/fF* — /l" XauXiru + T ^^V^k , (6.50) 
{mX = ^V.C.fci (2 f^flF'F^ + f^flD-D') + ^/2^ ^usXl^.kf'^F^ 

- h^'Xa^Xbj + 2ih'"habiiXcj^D^ + V'^^Vsk , (6.51) 
{ml)m = V2nus{VvXif?F-+ iX-^QjkP'^F'') - h'^'XauXb^ + i h!>^habrX,uD\ (6.52) 

The mass matrix of the fermions is instead 

{mi/2)uv = -^^(uw^v^Xjl^ , (6.53) 

{ml/2)^j = -^Ci,kftIfF\ (6.54) 

{mii2)ah = -iC^jkfafi F\ (6-55) 

(mi/2)„ = V2Xa^ - ^Q.kfUt D' , (6.56) 

{m^/2)ui = -V2nuvX:ft, (6.57) 

imi/2)ua = V2Xau ■ (6.58) 
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Finally, the mass matrix of the vectors is 

{ml)ab = 2 {XlXk)u + XlXb^i) . (6.59) 

A straightforward computation gives: 

+ 2 h''^ (5 XauX^ + XaiXl) - Aih^'hauKD'' + h.c. , (6.60) 
tr[m2/2] = 2 V„X1L^V"Xb.Z^ + % {rF^ + firJlflF^F^+fJlD'^D^) 

+ 4 /i'^^ (2 X«^r + Xa^X\) - 2i h'^^hbciX^D'^ + h.c. , (6.61) 

trim?] = 2 h''\XauX^ + X,,X^) . (6.62) 

It follows that the supertrace of the mass matrix vanishes [13]: 

str[r7T. ] = tr[mQ] — 2tr[?7i-|^/2] + 3tr[r7T.;^] 

= 0. (6.63) 

This result also follows directly from (3.31) and the properties that the Christoffel symbols 
are related to the derivative of the gauge kinetic function, the special form of the Ricci 
tensor and finally that the trace of the charge matrix satisfies the generalization V„X" = 
of (4.27) in the hyper multiplet sector and (5.31) in the vector multiplet sector. 

6.2 Met ast ability 

The possible vacua of the theory correspond to points in the scalar manifold that satisfy 
the stationarity conditions Vsu = Vsi = 0, which imply 

-72 J]„^ {V,XJL^F^+ X^f^F^) + zXauD- = , (6.64) 

-'-Qjk{2 fUlF^F'+ fUb D'^D'') - V2nuu,X:frF^ + iXa^D'' = (6.65) 

The relation (3.33) between the values of the F*, -F" and Z?" auxiliary fields, becomes 

i{VuXavF^F-^+ {X^ahhckfUl + facf!hh)F'F') 

- {X]^,Xb,u+XlXtn)D' + liable D'D' = . (6.66) 

On the vacuum, one has 5x^ = ^f^eF"^^ 5ij)^ = ^/2eF^, dX"" = ieD"" and similarly 
^x" = V2eF^, Sip^ = -\/2e-F*, 6X^ = HD"", and the first and second super symmetries are 
spontaneously broken respectively if some of the auxiliary fields F", F^, D"^ or some of the 
F", F*, D"" are non- vanishing. The order parameters are the norms of the vectors defined 
by these two sets of quantities. Thanks to the identities F^Fu = F^Fu + iX^^-fC^, 
F^Fi = lD"-Da - ^K"-^K^ and ^D'^Da = F'Fi, these two norms do actually as before 
coincide, and define in two equivalent ways related to the two supersymmetries the scalar 
potential energy: Vs = F'^Fu + F^Fi + ^D^'Da = F'^Fu + F'Fi + ^D^ba- In such a 
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f- 


= iFuq"" + iFicf)' - 


- iFuf - 


-iF,4>\ 


(6.69) 


"f^ 


= iFuq'' + iFi(t)' - 


- iFuf - 


-iF,4>\ 


(6.70) 



situation, there are then as usual two massless Goldstini, associated to the two independent 
supersymmetries and given by: 

T] = V2F„x" + V2F,V' + iDaX'' , fi = y2F„x" + ^hi^" + iDaX" , (6.67) 

With a bit of work one can verify that the stationarity conditions and the various identities 
related to gauge invariance imply that these are always flat directions of the fermion mass 
matrix: 

rrirf = , mfj = . (6.68) 

In the situation under consideration, the two supersymmetries may again only be broken 
simultaneously.* As before, the sGoldstini are linear combinations of scalars and vectors, 
but what is relevant is their projection along the scalar field space. One then gets four 
independent real linear combinations, corresponding to the projection of the complex 
Goldstino vectors r/^ = (V2F", V2F') and f]^ = (^2^", V^F^): 

ip+ = F„(?" + Ficp' + Fuf + F-4 
ip+ = F„g" + hcl^' + Fuf + F,4 

The masses of these four scalar modes can now be computed by evaluating the scalar 
mass matrix along the directions ipf. = {F'^ , F^ , F^ , F^) , (/?® = {iF'^,iF'^,—iF'^,—iF''), 
ipf = {F'',F\F^,P) and c^® = {iF'^,iF\-iF^,-iF'), and dividing by the length of 
these vectors, which is 2{F'^Fu + F'-Pi) for the first two and 2(F"F„ + F*/-) for the last 
two. 

One may at this point proceed in computing more explicitly the above sGoldstino 
masses and trying to simplify them as much as possible, in order to extract some infor- 
mation that has a simple-enough form to be useful. We will not attempt to do this here, 
but hope to examine this problem elsewhere, now that it has been set up in full detail 
within N = 2 rigid supersymmetry. We again expect only one S'f^(2)-invariant infor- 
mation, generalizing those found for situations involving only hyper multiplets or only 
vector multiplets. It is however not entirely obvious how to proceed to extract such an 
information within the A^ = 1 superspace formalism used in this paper, where the SU{2) 
symmetry is not manifest. In particular, the way the four sGoldstini must be combined 
to yield this S'f^(2)-invariant information cannot be easily determined a priori, and as a 
matter of fact it looks different in the two subcases involving respectively only hyper or 
only vector multiplets. We believe that to clarify this issue it might be useful to compare 
with a manifestly S't/(2)-covariant formalism, like for instance the on-shell approach of 
[14, 15]. 

7 Conclusion 

In this work, we have performed a general study of the conditions under which vacua 
breaking spontaneously supersymmetry may be at least metastable, in the context of 



*See [55] for a recent systematic discussion on the conditions under which one may have partial super- 
symmetry breaking. As explained in previous section, at stationary points with such a partial supersym- 
metry breaking, the two Goldstini must become degenerate and represent only one massless Goldstone 
fermion. 
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general N = 2 non-linear sigma-models. To do so we have relied on a construction of 
these models based on A^ = 1 superspace, which allows to emphasize their peculiarities as 
special cases of A^ = 1 non-linear sigma-models. We have then systematically applied to 
these models the strategy of looking at the masses of the scalar modes belonging to the 
Goldstino would-be multiplet, which are the most dangerous modes for metastability. 

We have been able to reproduce the two known no-go theorems available in the su- 
pergravity context, concerning theories with only hyper multiplets [8] and only Abelian 
vector multiplets [9]. We have then clarified the origin of these sharp results, taking the 
perspective that such theories are particular cases of A^ = 1 theories involving only chiral 
multiplets, where supersymmetry breaking is controlled only by F auxiliary fields. We 
have then studied in quite some detail the case of theories with only vector multiplets but 
with general non-Abelian gaugings, giving evidence that no obstruction against achieving 
metastability subsists in this case. From the A^ = 1 perspective, these are special classes 
of theories involving chiral multiplets in the adjoint representation and vector multiplets, 
where supersymmetry breaking is controlled not only by F auxiliary fields but also by 
D auxiliary fields. Finally, we have set up the study of general theories involving both 
hyper and vector multiplets, although we did not present any simple general result in this 
case. From the A^ = 1 point of view, these are particular cases of theories involving chiral 
multiplets both in the adjoint representation and in more general representation, as well 
as vector multiplet, where the process of supersymmetry breaking is controlled both by F 
and D auxiliary fields. We think that the effect of the latter should generically allow for 
metastable supersymmetry breaking vacua, since for general A^ = 1 theories it is known 
to systematically improve the situation compared to the effect of the former. 

We believe that the results derived in this paper should be useful to address the general 
question of what are the mandatory ingredients to obtain metastable de Sitter vacua in 
N = 2 supergravity theories. The results that we have obtained in the analysis of the 
corresponding problem in the rigid limit suggest that the only necessary ingredient is that 
from the A^ = 1 perspective supersymmetry breaking should receive not only F-type but 
also D-type contributions. This requires either non-Abelian gauge groups, or charged 
hyper multiplets, or both of these ingredients. 

Concerning the implications of the necessary conditions for metastable supersymmetry 
breaking for potentially realistic string models, one should keep in mind that these are 
described by A^ = 1 effective theories, but with a hidden sector that displays many features 
of A^ = 2 or even A^ = 4 models. As a result, applying the A^ = 1 constraints is too 
optimistic, whereas applying A^ = 2 or even A^ = 4 constraints is too restrictive. One may 
then try to consider the intermediate framework of A^ = 1 theories obtained by truncations 
oi N = 2 OT N = 4 supersymmetries. In this kind of truncations, the projection getting rid 
of the additional supersymmetries also eliminates the corresponding additional sGoldstini 
and the resulting implications on metastability. As a result, one should get conditions 
that are stronger but have the same form as those for general A^ = 1 theories. These 
should account for the possibility of starting from an unstable supersymmetry breaking 
vacuum and getting a metastable one by a truncation, where the tachyonic sGoldstini 
are projected out. For instance, it has been recently shown in [56] that the metastable 
A^ = 2 de Sitter vacua of [10] can be obtained by truncations of the unstable A^ = 4 de 
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Sitter vacua of [57, 58], which can themselves be related to truncations of the unstable 
A^ = 8 de Sitter vacua discussed in [59]. It should be similarly possible to construct stable 
A^ = 1 de Sitter vacua by truncating unstable A'^ = 2 de Sitter vacua. Since a detailed 
general description of this kind of truncations is available [53, 54], it would be interesting 
to perform a general study of the metastability conditions in this case. 

During the completion of this work, the interesting paper [60] appeared, which explores 
the possibility of constructing a low-energy effective description of A^ = 2 theories below 
the supersymmetry breaking scale in terms of constrained superfields, containing only the 
two Goldstini and no other light state. It was found that under the assumption of an 
SU{2)ii symmetry, such an effective theory does not exist. This fact was interpreted as 
signaling the impossibility of achieving metastable supersymmetry breaking in such N = 2 
theories. This is compatible with what we found in this paper for theories involving only 
hyper multiplets or only vector multiplets without N = 2 Fayet-Iliopoulos terms, where 
some of the sGoldstini are unavoidably massless or tachyonic. We believe that the algebraic 
obstruction uncovered in [60] should correspond to the physical obstruction studied here 
against achieving a positive mass squared for all the sGoldstini, since whenever one of the 
sGoldstini is tachyonic one clearly cannot define a sensible low-energy effective theory for 
just the Goldstini. It would be very interesting to make this connection more precise and 
try to exploit it to study more efficiently the most general case of A^ = 2 theories involving 
both hyper and vector multiplets as well as S'L'^(2)/j-breaking Fayet-Iliopoulos terms. 
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